St. Petersburg Math. J. 
Vol. 6 (1994), No. 2 



JACKSON INTEGRAL REPRESENTATIONS FOR SOLUTIONS TO 
THE QUANTIZED KNIZHNIK-ZAMOLODCHIKOV EQUATION 

V. Tarasov* and A. Varchenko** 

* Physics Department, St. Petersburg University 
** Department of Mathematics, University of North Carolina 

, Dedicated to L. D. Faddeev on his 60 th birthday 

Abstract. The quantized Knizhnik-Zamolodchikov equations associated with the trigono- 
metric _R-matrix of the U q (gl N <i) type and the rational i?-matrix of the 0^+1 type are 

| considered. Jackson integral representations for solutions to these equations are described. 

■ Asymptotic solutions to a holonomic system of difference equations are constructed. Re- 

lations between the integral representations and the Bethe-ansatz are indicated. 
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Introduction 



The Knizhnik-Zamolodchikov equation (KZ) is a holonomic system of differential 
equations describing conformal blocks in conformal field theory. This system has very 
rich mathematical structures [KZ, Koh, D2]. Most of these structures are revealed 
through integral representations for solutions to the KZ. Solutions are represented as 
multidimensional hypergeometric integrals over cycles depending on parameters [SV, 
VI], and, therefore, the KZ is a special type of the Gauss-Manin connection. 

Recently, for several different reasons, the Knizhnik-Zamolodchikov equation was 
quantized [S, FR, IJ]. The quantized Knizhnik-Zamolodchikov equation (qKZ) is a 
holonomic system of difference equations. In [S] it is a system of difference equations 
describing formfactors in quantum field theory. In [FR] it describes matrix elements 
of intertwining operators for a quantum affine algebra. In [IJ] it is a system of equa- 
tions for correlation functions of the six-vertex model. It is expected that the qKZ has 
remarkable mathematical properties as well as the KZ. The existence of integral repre- 
sentations for solutions to the qKZ could be an important supporting argument for such 
awaitings. Integral representations for solutions might also be useful for applications to 
the problems where the qKZ were distilled. 
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In this work, we describe Jackson integral representations for solutions to the qKZ 
associated with gl N+ i and U q (gl N+1 ). The Jackson integral are discrete analogs of 
standard integral. We represent solutions in terms of discrete multidimensional inte- 
grals of hypergeometric type (in terms of multidimensional g-hypergeometric functions), 
and therefore, we show that quantized Knizhnik-Zamolodchikov equation are quantized 
Gauss-Manin connection. Jackson integral representations for solutions to the qKZ 
associated with U q (Ql 2 ) were described in [Ml, M2, V2, R]. 

In §1 we describe solutions to the qKZ associated with U q (gl N+1 ), and in §2 to the 
qKZ associated with flljv+i- §3 and §4 contain proofs. In §5 we construct asymptotic 
solutions to a holonomic system of difference equations, give a new formula for Bethe- 
ansatz eigenvectors in a tensor product of or U q (gl N+1 ) modules and indicated 

connections of the Jackson integral representations with the Bethe-ansatz. 

This work was started when the authors visited RIMS in Kyoto. We thank Professor 
T. Miwa and RIMS for their warm hospitality and stimulating research atmosphere. 

1. Solutions to the qKZ. U q (gl N+1 ) Case 

(1.1) qKZ for U q (gl N+1 ) 

The quantum group U q = U q (Ql N+1 ) is the associative algebra generated by K^ 1 , 
. . . , -ft^+i an d . . . , Xfj subject to the relations 

(1.1.1) [K i ,K j ]=Q, KiK~ x = K~ x Ki = 1 , 

K^tiK- 1 = q Tl X±, , 
K.XfK- 1 = Xf for j > i or j < i - 1 , 

r + Y -,_ x K ^ K ^+l - Kj+iKj 1 
\- i ' X j J - d v q-q- 1 ' 

[X±,X±]=0 for 

{Xffxf -(q + q-i)XtxfX? + Xf{X±f = , for \i - j\ = 1 . 

Here q is a generic complex parameter. 

Let A = (A l5 . . . , Ajv +1 ) e C N+1 . Let V be a U q -moqu\e with highest weight A, that 
is, V is generated by one vector v G V such that 

(1.1.2) X+v = 0, K,v = q K v 
for alH. V has the weight decomposition 

(1.1.3) V= V X , 

N 
>0 
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where 

(1.1.4) V x = {x G V : Ki x = q Ki+x ^~ x *x for all i} . 
For any fx = (/ii, . . . , jiijv+i) G C N+1 introduce a linear operator 

(1.1.5) L(jj):V^V 
defined by 

. , E Mi(Ai-Ai+Ai_i) 

(1.1.6) L(ji)x = q*= 1 x 
for x G V\. 

Let {V(m)} be t/g-moqules with highest weights {A(m)} and generating vectors 
{v m }, respectively, m = 1, . . . , n. The weight decomposition of representations induces 
the weight decomposition of the tensor product 

(1.1.7) V(l) (8) ... (8) V(n) = (V(l) <g> . . . <g> V(n)) A 

A 

where 

(1.1.8) (V(l)®...®V(n)) A = V(l) A(1) ®...®V(n) A(n) . 

A(l) + ...+A(n)=A 

For any there is the trigonometric .R-matrix 

(1.1.9) Rv(i)v {j) (x) ■■ V(i) ® V(j) - V(z) ® V(j) 
such that 

(1.1.10) ^v(*)v(j) ( x ) : w * ® v j ^ ^ ® » 

[J, JKMO, C], more precisely see in (3.2). The i?- matrix preserves the weight decom- 
position. If 

d 

then we let it act on V(l) <8> . . . <g) V(n) by 

(1.1.11 ) ^ 1® . . .® R^(x) ® . . .® R^ix) ® ...<g> 1 

d 

where i?^(x) stands in the i-th factor and R ( f \x) in the j-th factor. 
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Denote by L y ^(p) the linear operator on V(l) ® . . . <8) V(n) acting as L(p) on the 
i-th factor and as the identity on all other factors. 

Let p G C and q = p~ u for some v G C. Let Zi denote the p-shift operator 

(1.1.12) Zi : ,2 n ) ,pzi,... ,z n ). 

(1.1.13) TTie quantized Knizhnik-Zamolodchikov equation (qKZ) for a V(l)<g>. . . <g>V(n)- 
valued function ^(z\, . . . , z n ) is the system of difference equations 

Zi^> = R V (i)v(i-i) (~~^) • • • ^v(i)V(i) (^) x 

x q^L v(i) („) R-l )v(i) (|) . . . R-\ i+1)v (i) (^i) * 

for i = 1, . . . , n. Here, p,ai,... ,a n G C and G C^" 1 " 1 are parameters of the equation, 
see [FR]. 

In the next sections we give formulas for solutions to the qKZ. Namely, for any A(l), 
. . . , X(n) G Z, we construct a V^(l)^(i) ® . . . <g) V (n)A( n )-valued function 
w A(i),v(i),... ,A(n),v(n) °f certain variables ti,t 2 , ■ ■ ■ and zi,... , z n in such a way that 
the V(l) <S> • ■ ■ <S> F(n) -valued function 

= ^ W\(l),V(l),...,\(n),V(n)(t,z)d p t 
A(l),...,A(n) J 

is a solution to the qKZ. In this formula we use the notion of the Jackson integral. 

(1.2) Jackson Integrals 

Discrete analogs of differentiation and integration are given by the formulas 

d.2.1) M (t)= i/MziW, 

dpi t p — 1 



/ f(t) d f = (l-p) £ /(&>») 



The last sum is called the Jackson integral along a p-interval [0, £oo] p . There is a 
p-analog of the Stokes theorem: 

f dr>f d v t 

1.2.2 / t-p- -5- = 0. 

J d p t t 
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The multiple Jackson integral is denned similarly. 
Z fc acts on C fc : for any a = (ai, . . . , a^) G Z fc , set 

(1.2.3) T a : C k -> C fc , 

(6,---,^)^(6p ai ,---,^ afc )- 

Z fc acts on functions on C fc : for any a G Z fc , set 

(1.2.4) T a : /fa, . . . ,* fc ) ^ /(t lP ai , . . . ,t fc p afe ) . 

For an arbitrary £ G (C*) fc , the Z fc -orbit of £ is called a k- dimensional p-cycle and 
denoted by [0, £oo] p . The Jackson integral of a function f(ti,... , £&) over a p-cycle 
[0,£oo] p 

(1.2.5) y ,* fc )f2, 

[0,£oo] p 

for O = (dpti/ti) A ... A (dptk/tk), is the sum 

(1.2.6) (i- P ) fc /(eiP oi ,...,e*p° fc ) 

— oo<ai,... ,a fe <oo 

if it exists. For any a G Z fc , we have the Stokes formula 

(1.2.7) J T a (f)Q= J fn. 

[0,£oo] p [0,£oo] p 

(1.2.8) The difference T a (f) Q — ffl will be called a discrete differential. 

(1.3) One-Point Function of a Representation with Highest Weight 

Let V be a t/g-moqule with highest weight A and generating vector v. For any 
A = (Ai,... , Ajv) G Z^ , we'll define a F-valued rational function rj\y of variables 
{ui(j), y}, where i = 1, . . . , N, j = 1, . . . , A;. 

Let i2(x, y) G End (C 7V+1 ) <g> End (C N+1 ) be defined by 

N+l 

(1.3.1) i?(:r, y) = a ( x ' V) E ™ ® E "+ 
i=i 
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where E i3 - is the (N + 1) x (N + l)-matrix with one nonzero entry (-E^-)*?' = 1, a(x, y) = 
xq - yq' 1 , (3(x, y) = x - y, j(x, y) = x(q - q' 1 ), *y(x, y) = y(q - q' 1 ), see [J] and 
references there. 

Let T(u) be the (N + 1) x (N + l)-matrix with the following entries 

(1-3.2) Tu(u) = {uKi - K~ 1 )/(q - q' 1 ) , 

(1.3.3) Tij (u) = uF Jl K J , Tji (u) = K~ x E l3 , 

where % < j and Fji, are defined below: 

(1-3.4) E i)i+1 = Xf, F i+1:i = X i , 

for i = 1, . . . , N, 

(1-3.5) -Ei,i+p = -E'i,i+p-l-E'i+p-l,i+p — Q , -E'i+p-l,i+p-E'i,i+p-l 7 

Fi+p,i = Fi+p,i+lFi+l,i Q Fi+l,iFi+p,i+l ■ 

Let A G Z^ , k = + ... + Ajv- Consider the tensor product End (C N+1 )® k . Enumer- 
ate its factors by pairs (1,1), (1,2), . . . , (l,Ai), (2,1), (2,2), . . . , (2, A 2 ), . . . , (AT, 1), . . . , 
(N, Aat). This list defines the lexicographical order on the set of the pairs: < (/, m) 
if stands before (l,m). 

For any denote by T^ t,J \u) the element 

(1.3.6) 1 <g> . . . <g> T(u) <g> . . . <g> 1 G End (C N+1 )® k 

where T{u) stands in the (ij)-th place. Denote by i^'^'C'^foy) G End (C^ -1 " 1 )®* 
the element which acts on (C Ar + 1 )® fc as y) on the (i, j)-th and (/, m)-th factors and 
as identity on all other factors, see (1.1.11). 
Set 

N Xi 

(1.3.7) T(u,y) = II II T^\ Ui (j)/y) x J] R^^ m \ Ui (j) , Ul (m)) . 

i=l j = l (i,j)>(l,m) 

Here the first product is taken in the lexicographical order on pairs defined above. 
The second product is also taken in the lexicographical order: a factor stands 
on the right side of a factor R( l ,j ,m ) if < (i',f) or = (i',f) and (l,m) < 
{I'.rn'). 
Let 

(1.3.8) T(u,y)= J2 ^u{u,y)E ilh ®...®E ikjk . 

I=(il,... ,ik) 
J=(Jl,— ,3k) 
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In other words, Tjj may be denned by 

(1.3.9) T(u,y)e jl <g> . . . <g> e jk = ^T/j(u, y) e ix <g> . . . <g) e lk 

i 



where ei, . . . , e_/v + i is the canonical basis in C N+1 . Let 

(1.3.10) I = (L__l, 2 1 _ ; ^2, . . . ,iV 1 _^iV) , 

Ai A 2 Aat 

^0 = (jl, • • • Jk) , ja = *a + 1 • 

Set 

(1.3.11) i/ Al v(«, v) = II ( II (V i+1 ^0')A/ - <T Al+1 ) «i0')/y) x 

i=l ^ j=l 

X t 3-1 N Xi X m x -1 

x n Yi a Mj)^ u i(p)) x n n n^^'^w)) ^joK^ 

j=2 p=l m=i+l j = l p=l ' 

where [a] q \ = [l] q [2] q . . . [a] 9 and [6] g = (<? b - q~ b )/(q - <? _1 ). For A = 0, set ??a,v = v. 

r]\y is a V\-valued rational function of u, y. We call r]\y the one-point function. 
For z e {1, . . . ,N}, the function rj\y is a symmetric function of . . . , ttj(Aj), see 

(3.6.2). 

(1.3.12) Examples of one-point functions for U q (gl 3 ) . 

yq A2 Y - 



A = 


(1,0): 


V\,v(u,y) 


A = 


(0,1): 


ri\,v(u,y) 


A = 


(2,0): 


Vx,v(u,y) 


A = 


(0,2): 


Vx,v(u,y) 


A = 


(1,1): 


Vx,v(u,y) 



q A * Ul (l) - q- A *y 1 

yq A3 Y - 

— ; 1 — X v 

q A *u 2 (l) - q~ As y 2 

2 2Ao+l 

y q 2+ (x~) 2 

[2} q (q A ^ Ul (l) - q- A *y){q- A * Ul {2) - q~^y) [ 1 } V 
[2] q (q A ^u 2 {l) - q- A 3y)(q A 3u 2 (2) - q~ Aa y) ( * 2 } ' " 

y 2 q A 3 

X 



( W2 (l)- Wl (l))(Q A 3 W2 (l)-Q-A3 y ) 

,A,„, m „-A 



/ g ^ 2 (l)- g -^ A 
2, ui(l) — q~ 2 y 2 1 1 2 / 

(1.3.13) Example of one-point function for U q (gl N+1 ) and A = (0, . . . , Aj, . . . , 0) . 
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Let Aj = k, then 

k fcA i+ i+fc(fc-l)/2 

»7a,v(«, v) = ^ (^D fc « , 

[k] q \ U(Q Ai+1 Mj) - Q~ Ai+1 y) 

3 = 1 

cf. [M2, V2]. 

(1.4) Weight Function of a Tensor Product of Representations with Highest 
Weight 

Let {V(m)} be £/q-moqules with highest weights {A(m)} and generating vectors 
{v m }, respectively, m = l,...,n. For any A(l), . . . , X(n) E %>o, we'll define a 
V(l)\(i)<S> ■ ■ .(S>V A (n)>( n )-valued rational function called the weight function. The weight 
function will be defined in terms of one-point functions 77a(i),v(i)> • • • > V\(n),v(n) intro- 
duced in (1.3). Let 

(1.4.1) A = A(l) + ... + A(n), 

A = (Ai, . . . , Xn) , 

A(m) = (Ai(m), . . . , Ajv(m)) , m = 1, . . . , n . 

Set 

(1.4.2) l i (m) = X i {l) + ... + X i (m), /<(()) = 0. 
We have Zj(n) = Aj. Set 

(1.4.3) A(u,u) = (ug - vq' 1 )/^ - v) , 
-B(u, v) = (uq — vq~ 1 )/(uq~ 1 — vq) , 

Ci, m (u,v) = (uq Ai ^ -vq- Ai ^)/(uq Ai + 1 ^ -vq~ Ai + 1 ^) 

where Ai(m), . . . , Ajv+i( m ) are coordinates of A(m). 

The one-point function 7/A(m),v(m) is a function of variables iti(l),... , ui(Ai(m)), 
. . . , wat(1), . . . , itjv(Ajv(m)), y, see (1.3). Let a = (cr(l), . . . , cr(N)) where a(z) is an 
element of the symmetric group Sx^ Define a function r]\(m),v(m),a as the function 
Vx(m).v(m) where y is replaced by z m and variables Ui(l), . . . , Wj(Ai(m)) are replaced by 
the new variables {^(c.? (*))}, j = k(m — 1) + 1, . . . , h(m) for i = 1, . . . , N. Introduce a 
V^(1)a(i) <S> ■ ■ ■ <S> V A (n)A( n )- va hied function of variables £i(l), . . . , £i(Ai), . . . , £at(1), • • • , 
*/v(Aat), zi, . . . , z n by the rule 



(1.4.4) J»A(1),V(1) A(n),V(n);a = 
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n j-1 N h(j) N 

=n n n n c lim (u^m,z m ) x n n s^m^^^x 

j=2 m=l i=l l=li(j -1) + 1 i=l l^a<b^\i 

(J a (i)>cr h (i) 

n j-1 N h(j) h(m) 

x U n n n n AUa^^.^-mx 

j=2 m=l i=2 l=li(j-l)+l fc=/i_i(m-l)+l 

X V\(1),V(1),<j ® • • • ® V\(n),V(n),o ■ 

Define the weight function by 

(1.4.5) W X (i), V (l),... ,\( n ),V(n)(t, Z) = ^ W\(1),V(1),... ,\(n),V(n);a(t, 

where the sum is taken over all a = (cr(l), . . . , cr(N)) E S\ 1 x . . . x S\ N . Set 

(1.4.6) WA,V(1) V(n)(M)= Yl W \(l),V(l),...,\(n),V(n)(t,z) . 

A(l)+...+A(n)=A 

Example. For n = 2, A(l) = (1, 0, . . . , 0), A(2) = (0, 1, 0, . . . , 0), we have 

WA(1),V(1),A(2),V(2) = C 2j i(t 2 (l),^i)A(t 2 (l),t 1 (l))x 

XT/A(l),V(l)(*l(l),^l)®»/A(2),V(2)(*2(l),^2) • 

For n = 2, A(l) = (1, 0, . . . , 0), A(2) = (1, 0, . . . , 0), we have 

WA(1),V(1),A(2),V(2) = Cl,l(*l( 2 )> *0 ^A(l),V(l)(*l(l), *l) ® »/A(2),V(2)(*l(2), ^ 2 ) + 

+d,l(£l(l), Zi)B(t!(2), *l(l))7/ A(1 ) i v ( i ) (*i(2), Zx) <g> V\(2),V(2)(tl(l), Z 2 ) . 

Now we'll define a function $ of variables £i(l), . . . , ti(Ai), . . . , t N {l), . . . , tjv(Ajv), 
zi, . . . , z n . Namely, set 



(1.4.7) ( u ) 00 = (u,p) 00 = \\{l-p m u) 

Set 



m=0 



(1-4-8) * uU)tZm = 



oo \ Z rn 



(q- 2 t l (a)/t i (b),p) 00 \ti(a)J 
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(^+i(6)/^(a),p) 00 / V 
t i( a),t i+1 (6) {q 2 U+l{b)/ti{a) ^ )oo y U{a) ) 

Let ai,... ,a„ 6 C and /U = (/ii, . . . , /ijv+i) £ C 7V+1 . Set 



AT+1 

n 



(i.4.9) = _[| z m <=i x n n 

m=l i=l j = l 

n N Ai AT-1 Ai A i+ i 7V 

x n n n ^^^x n n n ^w^m x n n ^w^w- 

m=l j=l j = l j=l a=l 6=1 i=l l^a<6^Ai 

(1.5) Jackson Integral Representation of Solutions to the qKZ for £/q(fl[/v+i) 

Let {V(m)} be the t/g-moqules considered in (1.4). Let A G 2^ . Set = Ai + 
. . . + Aat. Consider C k with coordinates ti(l), . . . , ti(Ai), . . . , t/v(l), . . . , tjv(Ajv). Fix 
a /c-dimensional p-cycle [0, £oo] p in C k . Consider the V(l) <g> . . . ® F (n)-valued function 
*&(zi, . . . , z n ) defined by the formula 

(1.5.1) tf(z) = y ^(*,z)«; AiV(1)> ... i v(„)(t,^)r2. 

[0,£oo] p 

Here the functions tu, $ are the functions defined in (1.4.6) and (1.4.9), respectively. 
The integral is the Jackson integral defined in (1.2). 

(1.5.2) Theorem. Assume that the integral in (1.5.1) exists. Then the function ^ is 
a solution to the qKZ (1.1.13). 

(1.5.3) Remark. More precisely, we prove that for any i 

Z i ~ R V (i),V(i-l) (^) • ■■ R v\i+l),V(i) ("T 1 )) ^ ^ W WW,- ,V(n)(t, Z) fl 

is a linear combination of discrete differentials, cf. (1.2.8). In this work we will not 
discuss convergence of the Jackson integrals. 
Theorem (1.5.2) is proved in §4. 

2. Solutions to the qKZ, qI n+1 Case 

In this section we describe solutions to the qKZ associated with flt/v+i- Constructions 
are completely parallel to the quantum group case described in Section 1. 
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(2.1) qKZ for gl N+1 

flt/v+i 1S the Lie algebra generated by fci,... , fejv+i, X^, . . . subject to the 

relations 

(2.1.1) [h,^] = 0, 

[fei, X±] = ±X±, [A*, X± J = T x± ! , 

[fei, Xj* 1 ] =0 for j > i or for j < i — 1 , 

[X+,X-] =^(fei-fe i+1 ), 

[X±,X±] = for \i-j\^l, 

[X±,[X±,X±}}=0 for |i-j| = l. 

Let A = (Ai, . . . , Ajv+i) e C n+1 . Let F be a gtjv+i moqule with highest weight A, 
that is, V is generated by a vector v E V such that 

Xfv = , kiV = AiV . 
V has the weight decomposition 

where V\ = {x e V : kiX = (Ai + Aj_i — Aj)x for all i}. 

For any = (/ii, . . . , hn+i) £ C^" 1 " 1 introduce a linear operator 



(2.1.2) L(^):F^y, 

a; i expl ^ ^(A, + Aj_i - Ai) ) 
v i=i ' 



for x e V\- 

Let {F(m)} be flt/v+i moqules with highest weights {A(m)} and generating vectors 
{f m }, respectively, m = 1, . . . , n. For any there is the rational .R-matrix 

(2.1.3) Rv(i)vU)(x) ■■ V(i) ® ^ V(t) ® F(j) 
such that 

(2.1.4) R v{i)V{j) (x) : Vi <g> Uj i-> «i <g> , 

R v(i)vu) ( x ) R v(i)v(k) ( x + y) R v(j)v(k) (y) = R v(j)v(k) (y) R v(i)v(k) ( x + y) R v(i)v(j) ( x ) 

[KRS, JKMO, C], more precisely, see in (3.7). 
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Let p G C and let Zi denote the p-shift operator 

(2.1.5) Zi : . . . , z n ) i-> . . . , z t + p, . . . , 2; n ) . 

(2.1.6) The quantized Knizhnik-Zamolodchikov equation for a V(l) ® . . . <S> valued 
function ^(zi, . . . , z n ) is the system of difference equations 

= i2 V (i)V(i-l) (zi - z^ + p) . . . R v{i)V (i) ( z i ~Z!+p)x 

x exp(ai) L v{i) (fi) Ry\ n)v{i) {z n - Zi) . ..R- 1 (i+1)v(i) (z i+1 - z % ) * 

for % = 1, . . . , n. Here p, cti, . . . , a n G C and /U G C^" 1 " 1 are parameters of the equation. 
In the next section, we give formulas for solutions to the qKZ. 

(2.2) Additive Version of Jackson Integrals 

Z k acts on C fc : for any a = (ai, . . . , a k ) G Z fc , set 

(2.2.1) Q a: C k ^C k , 

(&»•••»&)'-»' (fi + aiP, • • • , Cfc + afcP) , 
Z fc acts on functions on C fc : for any a G Z fe set 

(2.2.2) Q a : /(*!, . . . , t k ) i-> /(ti + aip, ...,** + a fc p) . 

For any £ G C fc , the Z fc -orbit of £ is called an additive k - dimensional p- cycle and denoted 
by [— oo,£oo] p . The additive Jackson integral of a function /(£i, ... , tk) over a p-cycle 
[— oo, £oo] p is the sum 

(2.2.3) J f{t u ... ,tk)d p t 1 A...Ad p tk=p k Yl /(Ci+oiP,... ^k+a k p). 

[-oc,£oo] p -oo<ai,...,a fc <oo 

if it exists. For any a G Z fc , we have the Stokes formula 



(2.2.4) J Q a fd p t= j fd p t. 

[— oo,£oo] p [— oo,£oo] p 

(2.2.5) The difference Q(a)f d p t — f d p t will be called a discrete differential. 

(2.3) One-Point Function of a Representation with Highest Weight 

Let V be flljv+i moqule with highest weight A and generating vector v. Let R(x, y) G 
End (C iV+1 )<8>End (C 7V+1 ) be defined by (1.3.1) where a(x, y) = x—y+1, (3(x, y) = x—y, 
l(x,y) = l(x,y) = 1, [Y]. 
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Let T(u) be the (N + 1) x (N + 1) matrix with the following entries: 



(2.3.1) T ii (u) = u + k i , 

where i < j and Fij, are defined below: 

(2.3.2) Ei,i+i = , F i+lji = X i , 
for i = 1, . . . , N, 

(2.3.3) Ei^+p = £/j_|_p_i 5 j_|_p] , 

Fi+P,i = [Fi+p,i+li Fi+l,i] ■ 

Let A e Zj , fc = Ai + . . . + X N - Set 

N Xi 

(2.3.4) T(u,y) = H J] T™( Ui (j) - y) x J] ^'^(^(j), w z (m)) , 

i=l J=l (i,j)<(7,m) 

where the products are taken in the same order as in (1.3.7). Set 

N Xi Xi j-1 



(2.3.5) i 1 x,v(u,y) = Y[(\ i \]l(u i (j) + A i+1 -y)x]l ]J a( Ui (j) , Ui (p)) x 

i=l j=l j=2 p=l 

N Xi X m _ 1 

x n n np( u rn{p)Mj)j) T IoJo ( U ,y)v. 

m=i+l 3=1 p=l 



For A = 0, set i]\y = v. 

r]\y is a function of u, y with values in V\. For % e {1, . . . , N}, the function r\\y is a 
symmetric function of U{(1), . . . , Mj(Aj), cf. (3.6.2). i]\y is called the one-point function. 
(2.3.6) Examples of one-point functions for q1 3 . 

AY v . 



A = 


(1,0): 


V\,v(u,y) 


A = 


(0,1): 


Vx,v(u,y) 


A = 


(2,0): 


Vx,v(u,y) 


A = 


(0,2): 


Vx,v(u,y) 



ui(l) + A 2 - 2/ 

— ; XT V . 

u 2 (l) + A 3 -y 



1/2 , v -, 2 



(«i(l) + A 2 -y)( Ul (2)+A 2 -y) 

(AT) 2 ''- 



1/2 /v _, 2 



Ml) + A 3 -y)(u 2 (2)+A 3 -y) 
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A = (1,1): Vx , v (u,y)= W i)_ Wl( i))M 1) + A 3 _,)X 



Ml) + A 2 -y 

ui(l) + A 2 -j/ 21 1 2 ; 



(2.3.7) Example of a one-point function for and A = (0, . . . , Aj, . . . , 0). 

Let Aj = k, then 



(2.4) Weight Function of a Tensor Product of Representations 

Let {V(m)} be fltjv+i m oqule with highest weights {A(m)} and generating vectors 
{v m }, respectively, m = 1, . . . , n. Set 



(2.4.1) A(u,v) 

B(u,v) 



u — V + 1 

it — V 
u — V + 1 
«. — t) — 1 ' 

u — u + Aj(m) 
it - u + A i+ i(m) 



For any A(l), . . . , A(n) G 2^ , define a function iua(i),v(i),... ,A(n),v(n)(*> 2 ) by formula 
(1.4.5). WA(i),v(i),...,A(T l ),yH(^) is a ^(1)a(i) <g> . . . <g> V (n) A(n) -valued function of 
variables {ti(j), z m }, i = 1, . . . , N, j = 1, . . . , Aj(l) + . . . + Xi(n), m = 1, . . . , n. Define 
the weight function u;a,v(i),... ,v(n)(*> 2; ) by formula (1.4.6). 

Now we'll define a function <&(£, z) which is an additive analog of the function $ 
defined in (1.4). Set 

(0A0 , ~ T((t l (j)-z m +A l (m))/p) 



®U{a),U{b) = 



Zm + A i+ i(m))/p) 

r((t i (a)-t,(&)-l)/p) 
r((t l (a)-t,(6) + l)/p)' 

r((t i+1 (6)-t i (a) + l)/p) 



*t,(a),t, +1 (6) T((t l+1 (b)-t z (a))/p) 



where V is the gamma-function. Let a±, . . . , a n G C and fx = . . . , (J, n +i) G C^" 1 " 1 . 
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Set 



(2.4.3) $(t,z) = [I exp(z m (a l + £ mMm))/p) 

^ 7 1 ' 



X 



N Xi 



n 



N Xi 



X 



n n (uu)(v>i+i -ih)/p) >< n n n ^o-w * 




X 



n n n $ **(«).**+i( 6 ) x ii n ^w^w- 



i=l a=l 6=1 i=l l^a<b^Ai 



(2.5) Integral Representation of Solutions to the qKZ for Ql N+1 

Let {V(m)} be the fltjv+i moqules considered in (2.4). Let A G Z^ . Set = Ai + 
. . . + Ajv- Consider C k with coordinates {U(j), z m }. Fix an additive /c-dimensional p- 
cycle [— oo, £oo] p in C k . Consider the V(l) ® . . . <g> y(n)-valued function ^(zi, . . . , z n ) 
defined by the formula 



Here functions $,«; are the functions defined in (2.4). The integral is the additive 
Jackson integral defined in (2.2). 

(2.5.2) Theorem. Assume that the integral in (2.5.1) exists. Then the function ^ is 
a solution to the qKZ (2.1.6). 

(2.5.3) Remark. More precisely, we prove that for any i 

i Z i- R V(i),V(i-l)( Z i- Z i-l+P) ■ ■ ■ R vli-l),V(i)( Zi + 1 ~ Zi ">) $ (^) w X,V(l),...,V(n)(t,z) d p t 

is a linear combination of discrete differentials. 

The proof of Theorem (2.5.2) is completely analogous to the proof of Theorem (1.5.2). 
Consider V(l) <S> • • • <8> V(n) as a Ql N +i moqule. 

(2.5.4) Lemma. Assume that integral in (2.5.1) exist. Then for any i = 1, . . . , N the 

equality pi = Pi+i implies that X~^(z) is a solution to qKZ (2.1.6) and Xfm{z) = 0. 

Proof. It is obvious that X~ commutes with the operator in the right hand side of qKZ 
(2.1.6) if Pi = Pi+i- Then the first equality simply follows from Theorem (2.5.2). The 
proof of the second one will be given elsewhere. 

(2.5.5) Remark. If p\ = . . . = Pn+i then *B(z) is a highest weight vector of an irreducible 
0tjv+i submodule in V(l) <8> • • • <E> V(n). 



(2.5.1) 




$(£, z) W X , V (i),... ,v( n )(t, z) dptxil) A ... A d p t k (X k ) . 



[-oo,£oo] p 
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3. i?- Matrix Property of Weight Functions 

(3.1) Weight Functions of the U q (gl N+1 ) Case 

In this section we prove the .R-matrix property for the weight functions 
w x,v(i),... ,v(n)(t, z ) introduced in (1.4.6). 

Let V^(l), . . . , V(n) be U q (gl N+1 ) highest weight moqules, Ry{i) v(j) ^ ne trigonomet- 
ric .R-matrix (1.1.10), (1.1.11), (3.2.14). For z = 1, . . . , AT let 

Pi : V(l) <g> . . . <g V(i + 1) <g> V(i) (8) ... (8) V(n) -> V(l) <g> . . . <g> V(n) , 
xi <g> . . . <E> Xi+i (g <g . . . <g x n i— > xi <g . . . (g x n 

be the permutation of factors and Zi = (z\, . . . , 2^+1 , Zj, . . . , z n ). 
(3.1.1) Theorem. We have 

Rv(i),V(i+l)( Z i/ Z i+l) w \,V(l),... ,V(n) (*, *) = U>A,V(1),... ,V(i+l),V(i),... ,V(n)(t, Zi) ■ 

The theorem will be proved in (3.6.9). 

(3.2) Quantum Yangian 

The .R-matrix R(x, y) defined by (1.3.1) satisfies the Yang-Baxter equation 

(3.2.1) R^ 2 \ Xl , x 2 )R {1 ' 3) {x 1 , x 3 )R^ 3 \x 2 , x 3 ) = 

xR^\x 2 ,x 3 )R^ 3 \x 1 ,x 3 )R^ 2 \x 1 ,x 2 ). 

The quantum Yangian Y q (gl N+1 ) is the associative algebra generated by elements 
T?j, i,j e {1, . . . , N + 1}, s = 0, 1 . . . subject to the relations 

(3.2.2) TP. = for % > j , 

(3.2.3) TP are invertible, 

(3.2.4) R(x, y) T^(x) T™(y) = T™(y) T^(x) R(x, y) 

where (x) = T(x) (g 1, T^ 2 ) (y) = 1 (g T(y) , and T(x) is the (AT + 1) x (N + l)-matrix 
with entries 

oo 

Tij (x) = x 

s=0 

The quantum Yangian is isomorphic to the Borel subalgebra of U q (gl N+1 ) [RS, DF]. It 
is a trigonometric .R-algebra of infinite level in the sense of [C] . 

The generators T*- for i, j = 2, . . . , N + 1 obey exactly the same relations as the 
generators of Y q (gl N ). Denote by 

(3-2.5) S:Y q (gl N )^Y q (gl N+1 ), 

± ij ^ i+l.j'+l 5 
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the corresponding embedding. Relations (3.2.4) imply that the map 
(3-2.6) By : Y q (gl N+1 ) -> Y^sls+^y- 1 ] , 

is an embedding of algebras. Moreover, by virtue of (3.2.1) we have a homomorphism 

(3-2.7) p y : Y q (gl N+1 ) -> End(C JV+1 )[y] , 

T(x) i— > i?(x, ?/) . 

The quantum Yangian Y q (gl N+1 ) admits a natural coproduct 

N+l 

(3.2.8) A : Tij{x) ^ x' 1 T ik (x) <g> T kj (x) . 

k=i 

Let A^ m ) be the m-iterated coproduct (A^°) = id, A^ = A). Consider the natural 
action of the symmetric group S m+ i on Y q (gi N+1 )®( m+1 ^ : 

a(X 1 <g> . . . <g> X m+1 ) =X <Tl ®...®X <Tm+1 . 

Set A^' a = aoAH 

Let N q (gl N+1 ) be the left ideal in Y q (gl N+1 ) generated by all T?- for z > j. Set 

(3-2.9) Wtf+i) = Y ^N+i)/ Nq (gl N+1 ) ■ 

We will use the same letter for both an element of Y q (gl N+1 ) and its projection in 
V q (gl N+1 ). The symbol w will be used if an equality takes place in V q (gl N+1 ). One 
can check that N q (gl N+1 ) is a two-sided coideal in Y q (gl N+1 ). Hence, the coproduct A 
induces a coproduct 

V q (gl N+1 ) -> ^(fl^+i) <g> ^(filjv+i) • 
The embedding 5, the map p y , and the coproduct A have the properties: 

(3.2.10) (5® 5) o A(X) « (Ao5)(X), 

Py (X) = (^o5)(X)| cjv , 

for any X e Y^gl^), here is supposed to be the span of the last N canonical basic 
vectors in C N+1 , p y , 5 and A in the left hand sides are related to Y q (gl N ), and p y , 5 
and A in the right hand sides to Y q (gl N+1 ). 
There exists a homomorphism 

(3-2.11) y> : Y q (gl N+1 ) -> ^(flU+i) 
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defined by formulas (1.3.2) and (1.3.3). Set 

(3-2.12) <P y = <P ° V •■ Y q (gl N+1 ) -> ^(fl^+iM^y -1 ] • 

Let Vi and V 2 be U q (gl N+1 ) highest weight moqules with generating vectors v\ and 
V2, respectively. There exists a linear map 

(3.2.13) R Vl ,vM ■V 1 ®V 2 ^V 1 ®V 2 
such that 

(3.2.14) R Vi y 2 (x/y)(<p x ®<p y )oA(X) = (<p x <g> <p y ) o A'(X) R VljVa (x/y) 
for any X G ^(fltjv+i) an d 

(3.2.15) i?v l5 y 2 (a;) ® v 2 = vi ®v 2 , 

see [C]. Here A' = P o A where P is the permutation of factors. Moreover, R Vi V2 (x) 
satisfies the YB equation (1.1.10) and 

(3-2.16) RvlvM' 1 ) = PvmRvimWPvm 

where P v . v . : Vi <S> Vj — > Vj <S> Vi is the permutation. 
This R-matrix is used in the qKZ (1.1.13). 

(3.2.17) Remark. Properties (3.2.14) and (3.2.15) uniquely define the P-matrix Ry 1} v 2 (x) 
for irreducible modules V\ and V 2 . 

(3.3) Function F x (u) 

For A G Z^ , define T(u, 1) and T IoJo (u, 1) by formulas (1.3.7)-(1.3.10). 

(3.3.1) Lemma. There exists a unique formal Laurent series F\(u) in variables {ui(j)} 
with a finite number of positive powers in each variable, such that 

N 

T/ j (w,l) = F x (u) x Y[ n a(ui(j),Ui(m)) . 

i=l j>m 

Proof. Using (3.2.1), we may rewrite (1.3.7) as follows: 

N Xi N 

(3.3.2) T(u,l) = H Y[ T^\ Ui {j)) x K{u) x JJ J] R^^ m \ui{j), Ui (m)) , 

i=l j = l i=l j>m 
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where lZ(u) is a polynomial matrix in {ui(j)} and the last product is in the lexicograph- 
ical order. For example, for A = (2, 2, 0, . . . , 0), we have 

#(2,2),(2,l) W2) ^ 

RW^ 2 \u 2 {l), u 1 (2))R^^ 1 \u 2 (1), u 1 (l))i2< 1 ' 2 )'< 1 ' 1 )(u 1 (2), Ul (l)) = 
= (/^^Wl),^^ 

x J R( 2 ' 2 )-( 1 ' 1 )( W2 (2), Ul (l))) ■ J^ 2 ' 2 ^ 2 - 1 )(n 2 (2), u 2 (l))i2( 1 ' 2 )'( 1 > 1 )(« 1 (2), ui(l)) . 
Let J = (ji, . . . then 

N \i 

(3.3.3) T(u, 1) e h <g> . . . ® e Jfe = J"| JJ T^'>( Ui (j)) x e jx <g> . . . <g> e jk x 

i=i j=i 

AT 

x n n a Mj)i u i( m )) » 

i=l j>m 

since R(x, y) ej <g> e,- = y) ej <E> ej. This proves the lemma. 

(3.3.4) Theorem. For any % G {1, . . . , iV}, t/ie function F\{u) is a symmetric function 
o/«i(l), • • • ,«i(Ai). 

Proof. Fix j e {1, . . . , Aj — 1}. Using (3.2.1) we may write 

(3.3.4) T(u, 1) = T(u)R^ +1 ^\ Ui (j + 1), u % {j)) 

N A; 

where T(u) is ]] ] [ T l ' m (ui(m)) multiplied by some product of .R-matrices. Using 

1=1 m=l 

(3.2.1) and (3.2.4), we may write 

(3.3.5) T(u, 1) = R^ +1 ^\ Ui (j + l), Ui (j))T(u) 

where T(u) is a suitable matrix. 

Let P be the permutation in C N+1 <g> C^ 1 : P(a; <g> y) = y ® x. Let T(-u) be the 
function obtained from the function T{u) by interchanging Ui(j) and U{(j + 1). 

(3.3.6) Lemma. T{u) = P^+ 1 )^)T{u)P^ +1 ^ i - i ^ . 
Proof. For example, for A = (1, 2, 1) and i = 2, j = 1, we have 

T(«, 1) = T( 1 ' 1 )(n 1 (l))T( 2 ' 1 )( W2 (l))T( 2 ' 2 )( W2 (2))T( 3 ' 1 )( W3 (l))x 

XP( 3 ' 1 )'( 2 ' 2 )( U3 (1), W2 (2))^ 3 ' 1 )'( 2 ' 1 )( W3 (1),«2(1))P (3 ' 1) ' (1 ' 1) K(1),«1(1))X 
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x RW>W(u 2 (2\ u 2 {l))R^^\u 2 {2\ Wl (l)) J R( 2 ' 1 )-( 1 ' 1 )(n 2 (l), Ul (l)) , 
T{u) = T( 1 ' 1 )( Wl (l))T( 2 ' 1 )( W2 (l))T( 2 - 2 )( W2 (2))T( 3 ' 1 )( W3 (l))x 

x ^(3a),(2,2) (w3(1)5W2(2)) ^(3a),(2a) (w3(1)7W2(1))jR (3,l),(l,l) (w3(1)7Ul(1))x 

x R^^iu^l), Wl (l)) J R( 2 ' 2 )'( 1 ' 1 )(w 2 (2), . 

The general proof can be done easily by induction on Ai, . . . , Ajv- 
By (3.3.4) and (3.3.5), we have 

T i J ( u , !) = a(«iC7 + 1), u i(j)) T i Jo( u ) = <*(ui(j + 1), Ui{j)) T IoJo (u) , 

hence F\(u) is symmetric with respect to the permutation of Ui(j) and Ui(j + 1). The 
theorem is proved. 

(3.4) Inductive Definition of F\(u) 

We give an inductive definition for F\ (u) which comes from the nested Bethe-ansatz 
[KR]. 

Consider the (N + 1) x (N + l)-matrix T(x) as a 2 x 2 block matrix 

/TuOr) K(x)\ 

T(x) = 

\L(x) M(x)J 

where K(x) is a row of length N, L(x) is a column of length N, and M(x) is an 
N x N- matrix. We will consider K(x) as a linear map 

K(x):C N xYiblwWx- 1 ]] . 

As usual set K^\x) = 1<8>. . .®K(x)®. . .(8)1, where K(x) stands in the i-th place. The 
matrix M(x) is the image of the canonical generators of Y q (gl N ) under the embedding 
5, see (3.2.5). 

For A G Z^ , define A G Z^ -1 , such that Aj = and set Ui(j) = Ui + i(j). 

Consider F^(u) defined in Y q (gl N ). Set 

(3.4.1) F x (u) = (5® p Ul(1) <g) ... (g) p Ul(Xl) ) o A^>°(F~ x (u)) 

where cr(l, 2, . . . , Ai + 1) = (1, Ai + 1, . . . ,2). The coproduct A, (3.2.8), and the map 
p, (3.2.7), are taken for the smaller quantum Yangian Y q (gl N ). F\(u) is a matrix acting 
in (C 7V )® Al with Y q (gl N+1 )- valued entries. 

Let e = (1, 0, . . . , 0)* be the first basic vector in C^. 
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(3.4.2) Theorem. 

N Xi 

F x (u) » K^\ Ul (l)) . . . K^\u 1 (X 1 ))(F x (u) e . . . ® e) x J] J] (j) . 

i=2 j = l 

Proof. Rewrite T(w, 1) as follows: 

Ai AT A t 

(3.4.3) T(«,l) = Y[T^\ Ul (j)) x J] II ^ J) (^(i))x 

j = l i=2 j=l 

x JJ i?(^)'('--)( Mi (j),^(m))x J] R^^ m \ Ul (j), Ul (m))x 

(i,j)>(l,m) (i,j),m 
Z>2 i>2 

j>m 

Here we use the commutativity of .R-matrices without common superscripts. Applying 
(3.2.1), we may rewrite (3.4.3) as 

Ai 

(3.4.4) T(u,l) = l[T^\u 1 (j))x 

i=i 

N A t 

x II II (T {i ' j \u i (j))R {iJUl ' Xl) Mj),u 1 (X 1 )) . . . RMWfatj), Ul (l))) x 

i=2 3 = 1 

x J] #)iW (u!(j))Mi(m))x [] i2 (1J) ' (1 ' ra) («i(j),«i("»))- 

(i,j)>(l,m) -?> m 
Z>2 

For example, for A = (1, 3) we have 

^ 2 ' 3 )'( 2 ' 2 )(n 2 (3), n 2 (2)) J R( 2 - 3 )'( 2 ' 1 )( W2 (3), n 2 (l)) J R( 2 ' 3 )'( 1 ' 1 )( W2 (3),n 1 (l))x 
x i?( 2 ' 2 )'( 2 - 1 )(« 2 (2), « 2 (1)) J R( 2 ' 2 )»< 1 - 1 )(« 2 (2), « 1 (1))^ 2 ' 1 ^ 1 ' 1 )(« 2 (1), Ul (l)) = 

_ ^(2,3), (2,2)^(2,3), (2,1)^(2,2), (2, 1)^^(2,3), (1,1)^(2,2), (1,1)^(2,1), (1,1)) _ 
= #(2,1), (1,1)^(2,2), (1,1)^(2,3), (1,1)^^(2,3), (2,2)^(2,3), (2,1)^(2,2), (2,1)) _ 

By the definition of p y in (3.2.7), we rewrite (3.4.4) as 

(3.4.5) T(u, 1) = J] T^\ Ul (j)) x (id ® ® . . . ® p^) o 

j=i 
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N Xi 



n n T^\ Ui (j))x n ^'^^kw^iN) x 

i=2 j=l (i,j)>(l,m) 

l>2 



N X, 



x n « (ij ' ),(i,m) («iO'),«i("»)) >< n n ^oo, 

j>m i=2 j = l 

where the superscript for indicates the target space. Introduce 

I 1 = (l 1 _ : ^l) and J 2 = (2 ,2,...,iV,.^V) 
Ai A 2 Xn 

so that Jo = (hih), and similarly for J = (Ji, J2). Then, according to (3.4.5), we 
have 



(3.4.6) T JoJo («,!) = 



A< A '> 



AT Ai 



n n r(<j) («*o'))x ti « (ij),(,,ra) («*o'),«»("»)) 

i=2 j=l 



(i,j)>(l,m) 
l>2 



I 2 J 2 / J /iJj 

AT A t 

x n a («iO').«iH) x n n ^c?) 

j>m j=2 j = l 



Due to the explicit formula for the .R-matrix in (1.3.1), 



(3.4.7) 



N X,, 



H Il T(i ' j) (^^))x D R {i ' jUl ' m \ui{j)Mm)) 



i=2 j = l 



(i,j)>(l,m) 
l>2 



e S(Y q ( s l N )) 



hJ 2 



and only the part of the .R-matrix corresponding to S(Y q (qI n )) is employed in this entry. 
Namely, this entry is equal to 



(3.4.8) 5 



N-l X, 



i=l j=l 

(5(T /a>Ja («,!)) 



(i,j)>(l,m) 
l>2 



1 2, J 2 
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where R&iUh™) and T Ia , j 2 are now related to Y q (gl N ). Now the theorem follows 

from (3.4.6)-(3.4.8), (3.4.1) and (3.2.10): 



N Xi _ i 

(3.4.9) F x (u)x (J] n« t Ai (j)) = 

i=2 j = l 



PI T^'ViC?)) x (id ® ^ ® . . . ® p^) o A^)>- o 5 (F~ x (u)) 



i=i 

Ai 



/iJi 



E [ II , , x [ (* ® Puxd) ® • • • ® /V(A l} ) ° A (Al),<T 



J j=l 



J/Jl 



= K (1) (wi(l)) . . . K (Al) (wi(Ai))(F A (w) e ® . . . <g> e) . 



(3.5) Comultiplication Properties of F\(u) 
(3.5.1) Theorem. 

N N-1 

af x(u) ^ Yi n n %w.^)) x ii n m^w^u))* 

r(i)ur(2)i=i jeri(i) t=i jer^i) 

zer,(2) zer l+ i(2) 

AT-l AT 

x ii n n p{um{i)Mj))x n ^oi-^wix 

i=l m=i+l j€Ti(l) jer m (i) 

zer m (2) /er,(2) 

N Xi N 

x U n u { ri w xf Mi)( w(i) )® F M2)(« (2) ) x ii n ^(^(o)®T i+lii+1 (^o-)). 

i=i i=i i=i J - e r i (i) 

^er,(2) 

Here the sum is taken over all partitions of the set {(z, j) : % = 1, . . . , N, j = 1, . . . , A^} 
into disjoint subsets T(l) and T(2), 

r 4 (j) = r(z) n {(», j) : j = 1, . . . , aj , a*(z) = #(r 4 (0) , 

« (0 = RC?) : e T(Z)}, A(x,y) = a(x,y)/P(x,y). 

Remark. One can check that the last product f] Y\Ta{ui{l)) ®T i+ i ;i+ i(ui(j)) does not 
depend on ordering of factors as an element of V q (gl N+1 ) <8> V q (gl N+1 ). 

Proof of Theorem (3.5.1). We will use an induction on N. The case N = is trivial, 
and the case N = 1 is known, [IK]. The general case is similar to the N = 1 case. Up 
to the end of this proof, R(x,y) is the N 2 x iV 2 -matrix corresponding to Y q (gl N ). 
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We will use the coproduct formula for K{x) 

(3.5.2) A(K(x)) = x' 1 (Tii (a) ® ^(x) + iT(x) <g> M(x)) 

where the matrix product in the second term is supposed, and will use the commutation 
relations 

(3.5.3) T xx {x)K(y) = A(y, x)K{y)T xx {x) - '^l^K{x)T 11 {y) , 

(3.5.4) MW(x)K<V(y) = if (2) (y)M (1 \x)R(x, y)/0(x, y) - ^^-K^ (x)M^ (y)P 

p(x,y) 

where P is the permutation of factors in C N <S> C N . 

Take F\(u) in the form of (3.4.2). Compute A(F\(u)). Substitute in the obtained ex- 
pression formula (3.5.2) for A(K^( Ul (j))). Pushing factors T n ( Ul (j)) and M^( Ul (j)) 
to the right, using (3.5.3) and (3.5.4), we will have 

(3.5.5) A(F Hu) ) « J2 K ^ l+l) ( v ( l + !)) • ■■K^(v(X 1 )) <g> K^(v(l)) . ..K^ l \v{l)) 

(Th(w(1)) . . .Tu(w(l)) <g> M (M! + l) («;(/ + 1)) . . . M ( ^i ) (w(Ai)) x 

xKwStixjMi),.. («) ( A (^)) e ® . . . ® e)) . 

Here $ is some matrix constructed from the functions a(x,y), (3(x,y), 7(3;, y), and 
7(x, y). Arguments (w(l), . . . , w(/), u(A + 1), . . . , f(Ai)) and (f(l), . . . , v(l), w(l + 1), 
. . . , w(\\)) are permutations of (ui(l), . . . , «i(Ai)). 

Say that two terms of this sum corresponding to v(l), . . . , v (Ai), iu(l), . . . , w(\\), fx 
and v'(l), . . . , f'(Ai), u/(l), • • • , «/(Ai), are similar if {f(l), . . . , i> (i)} = ■ ■ ■ ■> 

v'(l)} and {v(l + l), . . . , f (Ai)} = {V(Z + 1), . . . , v'(Xi)} as unordered sequences. Denote 
the sum of all similar terms corresponding to given v(I) = (v(l), . . . , v(l)) and v(II) = 
(y(l + 1),... ,v(Ai)) by G(v(I),v(II)) by G(v(I),v(II)). Therefore, (3.5.5) takes the 
form 

(3.5.6) A(F A («))w £ G(«(J), «(//)). 

»(/),«(/!) 

F\( u ) is a symmetric function of iti(l), . . . , ui(Ai). Hence for any 9 G S\ 1 , 

N Xi 

(3.5.7) F x (u) » (KW(«i(l)) . . . i^ Al WAO) (F A (u) e <g> . . . <g> e)) e x J[ ]J (j) 

i=2 j=l 

where ( )# means the expression obtained from the right hand side of (3.4.2) by a 
permutation a of variables «i(l), . . . , iti(Ai). 
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Now compute the coproduct A of the right hand side (3.5.7), substitute formula 
(3.5.2) in the obtained expression, and rewrite the result in the form (3.5.5). The sum 
of all similar terms corresponding to given v(I) and v(II) denote by G e (v(I),v(II)). 
As a result, we have 

(3.5.8) A(F\(u)) ~ Yl G e W),v(II)). 

v(I),v(II) 

(3.5.9) Lemma. For any 9 E S\ 1 , we have 

G e (v(I),v(II)) = G(v(I),v(II)) 

for all v(I) and v(II). 

Proof. The Yang-Baxter equation (3.2.1) implies that 

(3.5.10) R(x,y)(p x ®p v ) oA'(X) = (p x <g> p y ) o A(X)R(x, y) 
for any X E Y q (gl N+1 ). We will also use commutation relations 

(3.5.11) [T 11 (x),T 11 (y)] = 0, 

a(x,y)K w (x)K ( - 2 \y) = K (2) (y)K {1 \x)R(x,y) , 
R(x,y)M {1 \x)M ( - 2 \y) = M (2) (y)M {1 \x)R(x,y) . 

Let Ai = 2. We have to compare sums of similar terms resulting from two representa- 
tions: 

(3.5.12) F\(u) = K^( Ul (l))K^\ Ul (2))((5 ® p Ul{1) ® p Ul{2) ) o 

N Ai 

AM>-(F~ x (u))e®e)xH ]J u 2 {j) 

i=2 j=l 

and 

(3.5.13) F\{u) = K^( Ui (2))K( 2 \ Ui (1))((8 ® p Ul{2) ® p Ul{1) ) o 

N Xi 

A^(F~ x (u))e®e) xj] JJ «?(;) • 

The latter is equivalent to 

(3.5.14) = K( 2 )( Wl (2))K( 1 )K(l)) Ul (2)) (5 ® p Ul{1) ® p Ul(2) ) o 

A( 2 )^(F x (n))e®e) xa" 1 K(l), Wl (2)) J] J] 

i=2 j = l 
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(tensor factors can be interchanged because the whole expression is scalar; then use 
(3.5.10)). Set 

Ai N Ai 

F x (u) = A((6 ® p Ul(1) ® p Ul{2) ) o A^^(F- X (u)) e <g> e) x J] u^(j) xj] J] • 

j=l i=2 j=l 

From (3.5.12) we obtain 

A(F x (u)) = (TuK(l)) ® + K (1) K(1)) ® MW( Wl (l))) x 

x (T n ( Wl (2))®K( 2 )( Wl (2))+K( 2 )( Wl (2))®M( 2 )( Wl (2)))(F A (n)) = 
= (T 11 (wi(l))T 11 (m(2))®^ 1 )(t il (l))K( 2 )(w 1 (2)) + 

+K^( Ul (l))K (2 \ Ul (2)) ® M (1 \u 1 (l))M (2 \u 1 (2)) + 
+ (A(u 1 (2),u 1 (l))KW(u 1 (2))T 11 (u 1 (l))- 

P(mi(2),wi(1)) 

+tf< 1 >(«i(l))T 11 («i(2)) ® (K( 2 )( Wl (2))M( 1 )( Wl (l)) J R( Wl (l), u 1 (2))/ j 9(« 1 (l), «i(2))- 

and (3.5.14) leads to 

A(F x (u)) = (Tn (ui (2)) ® i^ (2) K(2)) + i^ (2 W2)) ® M( 2 )( Wl (2))) x 
x (Tii(ui(l)) ® K (1) (wi(l)) + K (1) («i(l)) ® MW(ui(l))) x 
x (i2( Ul (l), Ul (2))F A (u))/a(«i(l),ui(2)) = 

+^ 2) ( Ul (2))KW( Ul (l)) ® M( 2 )( Wl (2))MW( Wl (l)) + K( 2 )( Wl (2))T n ( Wl (l))® 
®(K( 1 )( Wl (l))M( 2 )K(2))Pi?( Wl (2), Wl (l))P//3(n 1 (2), Wl (l))- 

+ (A( Wl (l), Wl (2))K( 1 )(n 1 (l))T 11 K(2)) - ^|^^^ (1) ^i(2))TiiK(l))0 

®K( 2 )K(2))M«K(1)))^^ 

These two sums coincide term by term except terms containing 7(x,y) or *f(x, y). It is 
due to (3.5.11) and the identity 

PR(x, y)PR(y, x) = a(x, y) a(y, x) 
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following from the explicit form of the .R-matrix. In terms containing 7 (a;, y) or 7(3;, y) 
we move the permutation P from right to left. Then they cancel each other in each sum 
separately. 

The proof for general Ai can be done as follows. First we reduce the problem to the 
case where 9 is a simple permutation. Then the latter case is proved similarly to the 
example Ai = 2 given above. 

(3.5.15) Lemma. // G(v(I), v(II)) ^ 0, then {v(l), . . . , u(Ai)} = W(l), . . . , ui(Ai)}. 

Proof. The factor K(ui(l)) stands in (3.4.2) on the very left place. Hence, for each 
term G(v(I),v(II)), we have Mi(l) G v(I) U v(II). Hence, by Lemma (3.5.9), we have 
ui(j) G {v(l),... ,u(Ai)} for any j = 1,... ,Ai. 

Compute G(v(I),v(II)) where v(j) = ui(j), j = 1, . . . , Ai. First, the sum of similar 
terms G(v(I), v(II)) contains exactly one similar term. To compute this term one must 
write explicitly A(F\(u)), take the monomial 

T n ( Ul (l)) . . .T n ( Ul (/))iir (,+1) («i(/ + 1)) • • • K (Al) («i(A!))® 

<g> P(«i(l)) • • .Jf( |) (ui(i))M (l+1) (iii(l + 1)) • . .M( Al )( Ul (Ai)) (F\(u)e <g> . . . <g> e) , 

interchange Tn's and if^'s applying (3.5.3), and each time applying (3.5.3) keep only 
the first term of the right hand side of (3.5.3). Then 

l Ai N \i N Ai 

G( V (/),t;(ji)) = n n ^(«itf),«i("0) >< nn x n n ^c?)* 

m=l j"=i+l i—2 j—1 

xK^ l+1 \ Ul (l + 1)) . . .if (Al) MAi)) ® K«)( Wl (l)) . . . K«\ U1 {1)) 
((TnMl)) • . .Tn( Ul (/)) ® M« +1 \ Ul (l + 1)) . . . M^MA^x 

xA(F A (tt)) e<g) . . . <g> e) . 

Defining relations (3.2.4) are equivalent to 

(3.5.16) T^\y) (id <g> p^) o A(T^)(x)) = (id ® p™) o A'(T^(x)) T^{y) 
where A' = P o A and P is the permutation of factors. We also have 
(3.5.17 ) A(F\(u)) *(d®d® ® . . . ® p^J o A^+ 1 )'-(F X («)) 

where <r(l, 2, 3, . . . , A x + 2) = (1, 2, Ai + 2, . . . , 3). 

Employing (3.5.16) for Y q (gl N ) and taking into account (3.2.10) and (3.5.17) we 
obtain 

T n ( Ul (l)) . . .T n ( Wl (Z)) <8> M« +1 \ Ul (l + 1)) . . .M^ 1 WAi))A(F A ( W )) » 
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«(ThM1)) • • .TuK(O) ® id) {5 ® 5® p£> (1) ® . . . ® o A< Al+1 >'*(F*(fi)) x 

x (id®M^ +1 )(wi(/ + l))...M^ Al )(wi(Ai))) « 
«(<$ ® 5 ® ^(i) ® • • • ® ^(L)) ° A^+ 1 )'*(F X («)) x 

x (T n («i(l)) • • -TnMO) ® M^ +1 )( Ul (Z + 1)) . . . M^)( Ul (Ai))) , 

where a(l, . . . , Ai + 2) = (1, Ai + 2, . . . , / + 3, 2, / + 2, . . . , 3). The last equality follows 
from (3.2.4) for Y q (gl N+1 ). Using 

a 1 (l,...,A 1 -/ + l) = (l,A 1 +2,...,/ + 3), 
a 2 (A 1 -/ + 2,...,Ai+2) = (2,/ + 2,...,3), 

and 

M {l+1 \ Ul (l + 1)) . . .M (Al) (wi(Ai)) e®...®esi 
(u 1 (/ + l))...T 22 (u 1 (A 1 ))e(8)...(8)e, 

we get 

l Ai AT Aj AT Ai 

G( W (j),t;(ji)) = n n xiin^o) x n n ^c?)* 

m=l j=Z+l i=lj—l i=2 j—1 

xK^ l+1 \ Ul (l + 1)) . . .K (Al) («i(Ai)) ® #(«i(l)) . . .iYW(«i(i))x 
((5 ® 5 ® p^ ® . . . ® p^) o (A(^-0-i A (D,«>) o A(F x (fi)) x 
x e . . . ® e) x Tn(ui(l)) . . .T u ( Ul (l)) ® T 22 ( Ul (l + 1)) . . .T 22 (ui(Ai)) . 

By the induction assumption we substitute the right hand side of (3.5.1) instead of 
A(F^(u)). Finally, using 

p y (T2 2 (x))e = a(x,y)e, p y (Tu(x)) e = fi(x, y) e for i ^ 3 

and Theorem (3.4.2), we obtain 

N N-1 

g(v(i),v(h))= Yi n n A{ Ui {j)Mi))x\{ n M^+i^^mx 

r(i)ur(2) *=iieri(i) *=i jer^i) 
r 1 (i)={/+i,...,Ai} zer,(2) ier i+1 (2) 
r 2 (i)={i, ...,/} 

N Ai 7V-1 AT . . 

x nn "r 1 ^) x n n ( n ^mo,^))* n pm)**®))* 

i=ij=i t=im=i+iS'erj(i) j'er m (i) ' 

zer m (2) ;eri(2) 

AT 

xF A(1) (^ 1 ))®F A(2) (^ 2 ))x];[ J] Tuiuiil)) ® T i+ i !i+1 (ui(j)) . 

*=ijeri(i) 
^eri(2) 
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All conventions are the same as for (3.5.1). 

Due to Lemma (3.5.9) all other terms in (3.5.6) can be obtained from (3.5.18) per- 
muting (iii(l), . . . , ui(Xi)). Thus the right hand side of (3.5.6) is the sum of expressions 
(3.5.18) over all partitions Ti(l) and Ti(2) of {1, ... , Ai}. Theorem (3.5.1) is proved. 

(3.6) Weight Functions of a Tensor Product of U q (gl N+1 ) Modules 

Let V^(l), . . . , V(n) be U q (gl N+1 ) moqules with highest weights A(l), . . . , A(n) and 
generating vectors vi, . . . ,v n , respectively, z = (z\, . . . ,z n ). Define 

(3.6.1) 

N Xi 

Z\,v(i),...,v(n)(u,z) = (K®...®^„)oA( n - 1 )(F A (tt)))t) 1 ®...® l ; n x J] J] < _1 0')x 

i=i j=i 

JL, it JL „A i+ i(I) (a\I Zj _„-A i+ i(I) N +} ±i x-1 

>< n ( w«> n n £ — { ) 1 u - — n n n ««"&>). «<«)) 

i=l j=l 1=1 ^ ^ m=i+l j=l p=l 

(cf. (1.3.11) and (3.3.1)). In particular, 

N Xi N 

(3.6.2) Zx,v(u,y) = (q-q- 1 ) k J] J] u *0') * Vx,v(u, y) , k = ^ A, , 

i=l j=l i=l 

and according to Theorem (3.3.4), rf\y(u, y) is a symmetric function of Ui(l), . . . , iti(Aj) 
for any i G {1, . . . , iV}. 

(3.6.3) Theorem. 

N X x j-1 

Z\,V(l),...,V(n)(u,z) = Y[ ( T-y-r J] ([ A(^(m), Ui (j)) J X 

i=1 V L A *J<7' J=2 m=l 

n j-1 N h{j) 

x z (n n n n cw^m*))^™^ 

A(l)+...+A(n)=A j=2 m=l i=l «=« i (j-l)+l 
a=(a(l),...,a(iV)) 

AT 

xTI FT S(^(0-„(z)),tti((7h(z)))x 



o- (i)><7(,(i) 



n j — 1 iV /j_i(m) 

x ii n n n n am^o),^^*-!))))* 

j=2 m=l i=2 l=li(j-l)+l k=l i - 1 (m-l)+l 

X 6v(l),\/(l)(w (1) , *l) ® • • • <E> £x(n),V(n)(u {n) , Z n ) 
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n 

The sum is taken over all A(l), . . . , X(n) G Z> , such that Yl A(j) = A, and over all 

i=i 

permutations a G S\ 1 x . . . x 5^ ; and we use the notation 



k{m) = Y J Hj)i *i(0) = 0, /i(n) = Ai, 
i=i 

and 

« (m) = : J e (T(i)(h(m - 1) + 1, ... , k(m))} . 

Proof. The following identity is well known: 

m j—i 

(3.6.4) E II II A(x(a l ),x(a j )) = [m] q \ 

°es m j=2 /=i 

This is equivalent to 

(3.6.5) nn^^x^ n ^km^hm,! 

Decompose the the iterated coproduct in (3.6.1) as A^" 1 ) = (A^-^oA^-^-^oA, 
use Theorem (3.5.1) to calculate A(F\(u)) and employ 

(<p Zl ®...®p Zm )oA( m - l) (T ll (x))v l ®...®V m = Y[~ (g_ g -l) Vl®...®Vm- 



After simple manipulation, we come to 

N 

(3.6.6) £a,v(i) > ...,v(»)(«,s)= E II n^^'^OJx 

r'ur"i=i je r^ 



AT-l AT p 

x ii n ^( u i+i(o»«iO')) x n n n^Mo.**)* 

i=i jer^ i=i zer^' fc=i 



ierv +1 



x -q [A<] g ! [AjV x ^ )|V(1) v(p) («', z >^ W) v(n) K,/) 

i=i [AiJ< ?- 

where primes stand for (1) and (2) in (3.5.1) and z' = (z±, . . . , z p ), z" = (z p+ i, . . . , z n ). 
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To any [i G Z^ and a G S\ 1 x . . . x S\ N assign the set r M,<T = {"Ui(j) : j G cr(z)(l, 
. . . , fii)}. Say that a, a are /(/-equivalent if r M '°" = r M '°". We interpret the sum over all 
partitions in (3.6.6) as the sum over all A', A" G Z> , such that A' + A" = A, and over all 
classes of A'-equivalent permutations. Replacing (/-factorials by sums over permutations 
from the left hand side of identity (3.6.5) and extracting a common factor we obtain 

(3-6.7) £A,v(i),...,v(n) = 11 ( Trn n n A(^(m),^(j)))x 

i=1 v l A *J<r J=2 m= i 7 

P A t 

x ^ (n n n ^k^w)'^)^ 

A(l)+...+A(n)=A m=l i=l Z=Z i (p) + l 
a=(a(l),...,a(iV)) 

iV AT Ai «i(p) 

x ii n ^KKwi^i^w)) x yi n n^(«i(<Ti(i)),ui_i((T fc (i-i))))x 

i=l l^a<&^A t i=2 l=U(p)+l k=l 

<T a {i)><T h {i) 

X ,V(p)( u ', z ') ® €\",V(p+l),... ,V(n) (u", z") 

p n 

where A' = A(m), A" = A ( m )) an d ah other conventions are the same as in 

m=l m=p+l 

(3.6.3). General formula (3.6.3) can be proved by induction. Identity (3.6.5) must be 
used in the proof. 

(3.6.8) Lemma. Let w\,v(i),... ,v( n )(t, z) be the weight function (1.4-6). Then 

N , _ Ai Ai j-1 

Zx,v(i),...,v(n)(t,z) = l[ ( [q \ > Huti) l\ J] AUm)Mj))y 

i=l [AiJ< ? - i=l 3=2 777=1 

x W\,V(l),...,V(n)(t,z) . 

The lemma follows from (3.6.2), (3.6.3), (3.6.5) and (1.4.4)-(1.4.6). 

Proof of Theorem (3.1.1). By definitions (3.2.14) and (3.2.15) of the .R-matrix and 
definition (3.6.1) of £a,v(i),... ,v(n)( u i z) we have 

R V(i),V(i+l)( Z i/ Z i+l) ,V(n)(t, Z) = P; ,V(i+l),V(i),... ,V(n)(t, Zi) • 

Notation is the same as in (3.1.1). Lemma (3.6.8) completes the proof. 

(3.7) Rational .R-matrix 

Let R(x, y) be the .R-matrix, defined by (1.3.1) with a(x, y) = x—y+1, fi(x, y) = x—y, 
7(x,y) = 7(x,y) = 1, [Y]. It satisfies the Yang-Baxter equation (3.2.1). The Yangian 
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Y(gl N+1 ) [Dl] is the associative algebra generated by elements T^,i,j e {1, . . . , iV+1}, 
s = 1, 2 . . . subject to relations (3.2.4) where T(x) is the (N + 1) x (N + l)-matrix with 
entries 



Tij (x) — x 5ij -\- ^ ^ T"jj x 



s=l 

The generators T?- for i,j = 2, . . . , N + 1 obey exactly the same relations as the gener- 
ators of ^(fltjv). Denote by 

5:Y(gl N+1 )^Y(gl N ) 

rps rps 

1 ij ^ J-i+lJ + l 

the corresponding embedding. The map 

O y :Y(gl N+1 )^Y(gl N+1 )[[y}] 
T{x) h-> T(z - y) 

is an embedding of algebras. Here 

oo 
k=0 

The map 

Py :Y(gl N+1 )^End(C N+1 )[y] 
T(x) I— > y) 

is a homomorphism. The Yangian F(flljv+i) admits a natural coproduct (3.2.8). Let 
N(gl N+1 ) be the left ideal in Y(gl N+1 ) generated by all Tfj for i > j, and V(gl N+1 ) = 
Y(gl N+1 ) J N(gi N 1 )- The symbol ss will be used if an equality takes place in V(gl N+1 ). 

N(gl N+1 ) is a two-sided coideal in Y(gl N+1 ). Hence the coproduct A induces a co- 
product V(gl N+1 ) — > ^(fltjv+i) ® ^(fl^jv+i) • The embedding 5, the map p y and the 
coproduct A have properties (3.2.10). There exists a homomorphism 

V? : Y(gl N+1 ) -> ^(flljv+i) 

defined by formulas (2.3.1). Set 

<p v = <po6 y : Y(gl N+1 ) -> • 

Let Vi and V2 be fl^+i highest weight moqule with generating vectors i>i and V2, 
respectively. There exists a linear map 

R VljV2 (x) :V l ®V 2 ^V l ®V 2 
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such that 

(3.7.1) R Vi V2 (x-y) (<p x ®<p y ) o A(x) = (<p x <g> <p y ) o A'(x) R VltVa (x - y) 
for any X E Y(qI n+1 ) and 

(3.7.2) R Vl y 2 (x)v 1 ®v 2 = v 1 ®v 2 , 

see [C]. Here A' = P ■ A, where P is the permutation of factors. Moreover R v v (x) 
satisfies the Yang-Baxter equation (2.1.4) and 

(3-7-3) R V2Vi (—x) = Pv 1 ,V2^v 1 ,v 2 ( x )^ > v 2 ,v 1 

where P v . v . : Vi®Vj — > Vj ® Vi is the permutation. This R-matrix is used in the qKZ 
(2.1.6). 

(3.7.4) Remark. Properties (3.7.1) and (3.7.2) uniquely define the .R-matrix for irre- 
ducible modules V\ and V 2 . 

Let V(l), . . . , V(n) be flljv+i highest weight moqules. For i = 1, . . . , N let Pi be the 
permutation of i-th and (i + l)-th factors, and Zi = (z±, . . . , Zi+i, Zi, . . . ,z n ). 

(3.7.5) Theorem. 

R V(i),V(j)( z * ~ W X,V(1),... ,V(n){t, Z) = Pi W X ,V(l),... ,V(i+l),V(i),... ,V(n)(*> Zi) • 

(Cf. Theorem (3.3.1).) 

The proof is completely analogous to the proof of Theorem (3.1.1) given in (3.1)-(3.6). 
We only mention four important formulas, corresponding to formulas (3.6.1), (3.6.2), 
(3.6.4) and (3.6.8), respectively: 

£x,v(i),... ,v(n)(u, z) = (<p ei (8) ... (8) <p Zn ) o A (n - 1} (F A (w)) Vl <g> . . . <g> v n x 

N \ % n N+l Xi X m _ ± 

><n( A - n nw^-^+w)) n n n > 

j=l j = l i=l m=i+l j = l p=l 

€\,v(u,y) = rj x ,v(u, y) , 

m J — 1 

E [HI A(x(a z ),x(a J ))=m!, 

<reS m j=2 1=1 

N Xi j-1 

Z\,V{l),...,V(.n)(t,z) = Y[( — Yl II MU{m),U{3))) W\,V(l),...,V(n){t,z) . 

i=l * - j=2 m=l 
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4. Proof of Theorem (1.5.2) 



(4.1) In Section 4 we'll prove 

(4.1.1) Theorem. The function ^(z) defined by (1.5.1) satisfies the first equation of 



The statement that \P(z) satisfies the other equations of the qKZ for i = 2, . . . , n 
can be easily reduced to Theorem (4.1.1). The reduction is standard; see, for example, 
[V2, (2.6) and (3.5)]. 

(4.2) Proof of Theorem (4.1.1) 

Functions {$} introduced in (1.4.8) have the following properties 

(4.2.1) QtiU^ZnipUU)**™) = Ci,m(U{j), Z m ) ® ti (j),z m (ti(j), Z m ) , 

^t i (j),z m (ti{j),PZm)C itm (t i (j),pZ m ) = QtiUUniUU)'*™) > 

® U {a)M{b){U{a),pti{b))B{pU{b),U{a)) = ^ ti{a)Mh) {U{a),U{b)) , 

®U(a),t i+1 (b)(U(a),pti+i(b)) = A(ti +1 (b),ti(a))^ ti{a)it . +l{b) (ti(a),t i+l (b)) , 

^ ti (o),t i+1 (6)(p*<(a),*i+i(6))^(*i+i(6),^i(a)) = $t t (a),n +1 (b)(U(a),t t+1 (b)) . 

Fix A(l), . . . , A(n) G Z^ and A(l) + . . .+A(n) = A. Fix a = (a(l), . . . , a(n)) G S Xl x 
. . . x 5'a„. Consider the T^(1)a(i) ® • • • <S> ^(^)A(n)" va hied function w a (t, z) = 
w x(i),v(i),... ,X(n),v(n);a(t, z ) defined by (1.4.4). Our first goal is to describe the function 



For i = 1, . . . , N, define a(i) G S\ i by the rule: 

(4.2.2) Gjii) = a j+Xl(i) (i) forj = 1, 2, . . . , A 2 (z) + A 3 (i) + • • • + A n (z) , 

(4.2.3) a j+ x 2{i ) + ... + \ n (i){i) = <Tj(i) . 

For a = (o"(l), . . . , <j{n)) G S\ 1 x . . . x S\ n , consider the function 

Wo = W\(2),V(2),... ,X(n),V(n),X(l),V(l);a(t, z) . 

It is a V(2)x(2) <8> . . . ® V"(n)x( n ) ® V A (l)A(i)-valued function. Let 

P : V(2) (8) ... (8) V(n) <g> K(l) -> K(l) <g> V(2) <g> . . . <g> K(n) 

be the linear map defined by the rule £2 <S> • • • <8> £n <8> #i 1— > xi <g> £2 <8> • • • <8> x n for all 
Xi G V(i). Then Pw a is a V(1)a(i) <S> • • • <E> V A (n)A( n )-valued function. 



the qKZ (1.1.13): 





[0,Coo] p 
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(4.2.4) Lemma. 

Z 1 J $(t,z)w a (t,z)n= q a 'L v{l) (y)P J <£>(£, z) w<j(t, z) Q . 

[0,£oo] p [0,£oo] p 

(4.2.5) Corollary, iet ^A(i)y(i),...,A(n),y(n) be the function defined by (1.4-5). Then 



I 

p 

= <i aiL V(l)(v) P J $W\(2),V(2),...,\(n),V(n),\(l),V(l)n. 



Z X J <f>W X (l),V(l),...,\(n),V(n)tt 
[0,£oo Jp 



[0,?oo]p 

Proof. Let (7($w ff ) be the function obtained from <&w a by the transformation of vari- 
ables: 

(4.2.6) U(j)^pU(j) forz = 1,... , AT and j = 1, . . . ,Ai(l), 

^ *t0') for z = 1, . . . , iV and j = A;(l) + 1, . . . , A; , 

z m i— > z m for m = 2, . . . , n . 

Then 

(4.2.7) Zi y $«vfi= y f2 

by the Stokes formula (1.2.7). By (4.2.1), we have 

(4.2.8 ) U(<f>w a ) = q a *L v{1) (n)P$w* . 

This proves the lemma. 

Proof of Theorem (4.1.1). By (3.1.1) and (3.2.16) we have 
(4.2.9) q ai L v(1) (fj,)Pw x ,v(2),...,v(n),v(i) = 

= q aiL V(l)(V<) R V(n),V(l) (^) • • • R V{2),V{1) (^) W A,V(1),... ,V(n) ■ 

This equality and Corollary (4.2.5) prove Theorem (4.1.1). 
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5. Asymptotic solutions to qKZ and Bethe-ansatz 

(5.1) Asymptotic solutions to holonomic difference equations 

Let V be a finite-dimensional vector space, V* its dual space, ( , ) their pairing, and 

oo 

Ki(z u ... ,z n ;p) = K is (z u ... ,z n )p s where all K is (z 1 , . . . , z n ) and^ 1 ^,... ,z n ) 

s=0 

are smooth End (F)-valued functions. Set Z 4 = exp(p<9j), <9j = d Zi , i = 1, . . . , n, as a 
formal power series. Assume that Ki(z;p) obey compatibility conditions 

(5.1.1) ZiKj(z;p) ■ Ki(z;p) = ZjKi(z;p) ■ K d (z;p) 
which in particular mean that for any i,j 

(5.1.2) [^0(20,^-0(2:)] =0. 

Let w(z) be a common eigenvector of K i0 (z) with eigenvalues Ei(z): 

(5.1.3) K i0 (z)w(z) = Ei{z)w{z) . 

Say that w(z) is a simple eigenvector ifV is spanned by w(z) and the sum of im(Kio(z) — 
Ei(z)), i = 1, . . . , n. Consider a holonomic system of formal difference equations 

(5.1.4) Z i y(z;p) = K i (z;p)V(z;p). 

Let w(z) be a simple eigenvector of Kio(z) with eigenvalues Ei(z) such that w(z) and 
Ei(z) are smooth functions. 

(5.1.5) Theorem. There exists a formal solution 

00 

tf(z;p) =eMr(z)/p + a(z))J2^k(z)p k 

k=0 

of system (5.1.4) such that^o(z) = w(z) andr(z), a(z), ^k( z ), k^l, are smooth func- 

00 

tions. Such a solution is unique modulo scalar factor of the form exp(/3_i/p) f3kP k 

k=0 

independent of zi, . . . ,z n . 

The proof will be given at the end of the section. 

(5.1.6) Lemma. Let Gi G End V , i — 1, . . . ,m, obey conditions 

a) [Gi, Gj] = for any i, j ; 

m 

b) f| ker Gi = 0. 

i=i 
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m 

Then there exist cki, . . . , a m such that ctiGi is invertible. 

i=i 

oo 

Proof. For m = 1 the statement is obvious. Let m = 2 and Vo = (J kerG^. There 

exists a subspace Vi such that G\Vi C Vi and V = Vq + V\. Evidently G^Va C V a , 
a = 0, 1 , too. It is clear that G\\ is nilpotent and G\\ is invertible in V\. It follows 

I Vb I Vi 

from condition a) that G2I is invertible in Vq. Hence 67 1 + C1G2 is invertible for small 

I Vb 

a. For the general case the statement can be proved by induction on m. 

(5.1.7) Corollary. A linear system GiV = w>i, % = 1, . . . , m, has a solution if and only 
if the compatibility conditions GiWj = GjWi hold. The solution is unique. 

m 

Proof. Let oti, . . . ,a m be such that G = Yl a iGi is invertible. Then necessarily 

v = G~ x ( Yl a i w i ) an d equalities GiV = Wi evidently follow from the compatibility 
conditions. 

(5.1.8) Lemma. Let Gi G End V , i = 1, . . . ,m, obey conditions 

a) [G l ,G J ] = Q, 

m m 

b) V is spanned by Vq = f] ker Gi and V = ^ im Gj . 

i=i i=i 

Then a linear system GiV = Wi, i = 1, . . . ,m, has a solution if and only if Wi G V and 
the compatibility conditions GiWj = GjWi hold. The solution v G V is unique. 

Proof. It follows from Lemma (5.1.6) that we can find G which is a linear combination 
oi G u i = 1,... ,m, such that kerG = V and V = V + V", V" = im G. Then 
im Gi = GiV" = GiGV = GG,V c V", so V = V" . Let G be a projector on V Q along 
V . The set G}., k = 0, . . . , m, satisfy conditions of Lemma (5.1.6) and the statement 
follows from Corollary (5.1.7). 

(5.1.9) Corollary. Let Gi G End V, i = 1, . . . , m, be a commutative family. The 
following statements are equivalent: 

a) There exists a simple eigenvector v of {Gi} with eigenvalues {Ei}; 

b) There exists a simple eigenvector f of {G*} with eigenvalues {Ei}. 

Moreover v and f can be chosen as polynomials in Gi, E i; % = 1, . . . , m, and (/, v) 7^ 0. 

Proof. Let v be a simple eigenvector of {Gi} with eigenvalues {Ei}. Then we can find 

G = Y a iGi such that v spans ker G and V = ker G + im G. This is equivalent to 

V* = ker G* + im G* and dim ker G* = 1. Let / G ker G* be its basic vector. Obviously, 
(/; 9) 7^ 0- it is also clear that v and / can be chosen as polynomials in G (or 67*). 

Let again w(z) be a simple eigenvector of {K i0 (z)} with eigenvalues {Ei(z)} and x( z ) 
the corresponding simple eigenvector of K* (z) such that (x(z),w(z)) = 1. 
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oo 

(5.1.10) Theorem. There exist unique formal power series ip(z;p) = Yl i J s(z)p s and 

s=0 

oo 

di(z;p) = E d is (z)p s such that ip (z) = w(z), d i0 (z) = E~ 1 (z), (x(z),ip(z;p)) = 1, 

s=0 

and 

Zi^(z;p) = di(z;p)Ki(z;p)ip(z;p) . 

"4> s {z) and di s (z) are differential polynomials in w(z), x( z )> Ei( z )> Kik( z ), k = 1, . . . , 
s. 

oo 

Proof. For any formal power series a(p) = Yl a sP' s denote {a(p)} s = a s and {a(p)} s = 

s=0 

s 

Y, akP k - The zero order term in p of the system in question is trivially satisfied. The 

fc=0 

higher order terms in p of the system read as follows. 

(5.1.11) (d i0 (z)K i0 (z) - l)ip s+1 (z) + d ljS+1 K iQ (z)w(z) = $ is {z) , 

( X {z),ip s+1 {z)) = 

where $ ia (z)_= {Zr{tp(z;p)} s - {d l (z;p)} s K l (z;p){ij(z;p)} s } s+1 . Then d iiS+1 (z) = 
dio(z)(x(z),i(^i S (z)), and due to Lemma (5.1.8) ifj s+ i(z) can be found uniquely if the 
compatibility conditions 

(5.1.12) (d i0 (z)K i0 (z) - l)^s(z) = (d j0 (z)K j0 (z) - l)4> is (z) 

hold. Thus to prove the Theorem it suffices to prove (5.1.12). 
Let us rewrite conditions (5.1.1) as 

[K- 1 (z;p)Z i ,K- 1 (z;p)Z j ] = 

and use relations 

{K-\z-p)z l {^{z-p)Y - {d^Yi^z^yy = o. 

We have 

{K- 1 (z;p)ZMz;p)Y} S+1 = {{d % (z;p)Y{^p)} S } S+1 + 

+ {(K- 1 (z;p)Z l -{d l (z;p)Y)mz;p)Y}s+iP s+1 , 

then 

{K-\z;p)Z i (K-\z;p)Z j {^(z;p)r)r +1 = 
= {Z l {d 3 {z-p)Y ■ {d l (z ] p)Y{^(z;p)YY +1 + 
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+ (d j0 (z){(K- 1 (z;p)Z t -{d l (z;p)} s )Mz;p)} s } s+1 + 
+ K- 1 (z){(K-\z;p)Z J - {d J (z;p)Y){^z;p)Y} s+ i)p s 



and finally 



Q = {[K-\z-p)Z l: K-\z-p)Z J ]{^z-p)YY +1 = 

= {(Z i {d j (z;p)} s ■ {d % (z-p)Y - Z s {di{z;p)Y ■ {d J (z;p)Y){i>(z;p)Y} s+1 + 
+ {{K~\z) - d l0 (z)){(K- 1 (z;p)Z J - {d J (z;p)Y){^(z;p)Y}s + i ~ 
- (K-\z) - d j0 (z)){(K-\z;p)Z i - {d l (z;p)Y)Mz;p)Y}s + i) P s+1 = 

= {(Z i {d j (z;p)} s ■ {d J (z;p)Y ~ Z j {d i (z;p)} s • {d J (z ] p)Y)Wz;p)YV +1 + 
+ K-\z)K- G \z) ((1 - d i0 (z)K i0 (z))^ s (z) - (1 - d j0 (z)K j0 (z))$ ia (z))p 



Applying the functional x( z ) to the last expression above we can see that both 
terms in it must vanish separately. Hence compatibility conditions (5.1.12) are proved. 
Moreover tp a (z) and di s (z) are explicitly constructed as differential polynomials in w(z), 
Ei(z), K ik , k = 1, . . . ,s. 

(5.1.13) Corollary. Zidj(z;p) ■ di(z;p) = Zjdi(z;p) ■ dj(z;p) . 



(5.1.14) Lemma. There exists a unique formal power series r(z;p) = r s (z)p s such 



Proof. Let f(x) = (e x — l)/x. f(pdi) is invertible in the sense of a formal power series. 
Set <7j = (fipdi)) -1 and di(z;p) = — gi \ndi(z;p). Equation (5.1.14) is now equivalent 
to 



and (5.1.13) is transformed into the compatibility conditions for (5.1.15). Hence the 
statement is proved. 

Proof of Theorem (5.1.5). It is obvious that a solution to system (5.1.4) can be obtained 
as follows: t(z) = tq(z), a(z) = ti(z), and 



where the right hand side has to be re-expanded as a formal power series in p. 



OC 



that 



Z i ex.p(r(z;p)/p) = d i 1 (z;p) exp(r(z;p)/p) . 



(5.1.15) 



diT(z;p) = di(z;p) 
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(5.1.16) Corollary. The following equations hold 

exp(dir(z)) = Ei(z) , 
diEj{z) ■ Ei{z) = djE t (z) ■ E 3 (z) . 

Proof. They follow from Theorem (5.1.10), Corollary (5.1.13) and Lemma (5.1.14) if we 
consider the zero and the first order terms in p. 

The leading term of the formal solutions admits the invariant description. 

oo ^ 

Set ty(z;p) = ex.p(—r(z)/p)^(z;p) = Yl ^kP k and define a connection V; as follows: 

i-o 

(5.1.17) \n(K- 1 (z-p)Z l ) = -\nK l0 +pV l + O(p 2 ). 

n 

(5.1.18) Lemma. For any i = 1, . . . , n Vi^o(^) £ X] ^ m (dio(z)K i0 (z) — 1) . 
Proof. System (5.1.4) means that for any formal power series h(z;p) 

(5.1.19) K-\z;p) Zi(h(z;p)*(z;p)) = exp ((r(z) - Z iT {z))/p) Z % h{z-p) ■ V(z;p) . 
The right hand side is equal to 

exp(r(z)/p) Z l (exp(-r(z)/p)h(z;p)) ■ 4f(z;p) = 
= exp(pdi - dir(z))h(z;p) ■ ^{z;p) = exp(pdi - hi Ei(z))h(z;p) ■ ^(z;p) . 

Thus, (5.1.19) implies 

ln(K- 1 (z;p)Z i )(h(z;p)y(z;p)) = (pd, - hi Ejhfrp) ■ *(z;p) . 

The statement follows from the first order in p of the last equality for h(z;p) = 1. 

(5.2) Eigenvectors of qKZ-operators 

Let V(l),... , V(n) be U q (gl N+1 ) highest weight moqules with generating vectors 
vi, . . . ,v n , respectively. Let Rv(i)v(j) ^ e ^ ne -^-matrices (3.2.13)-(3.2.15) acting in 
V(l) <S> ■ ■ ■ <S> V(n) according to convention (1.1.11). For any m G {1, ... , n} define the 
qiCZ-operator 



(5.2.1) K m (z) — R V (m),V(m-l) I' ) • • • R V(m),V(l) (~) X 

X Q^Lyim)^) R v\n),V{m) (~) ' ' ' R v\m+l),V(m) 
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It is the operator in the right hand side of the qKZ (1.1.13) for p = 1. We have 

(5.2.2) [Ki(z),Kj(z)] = foralH,j. 

This follows from 

(5.2.3 ) [R v{i) v{j) {x),L v ^{n)L v{j) {n)\ = 

and [FR, Theorem 5.4]. 

Let w\ :V (i),... ,v(n)(*> z ) be the weight function introduced by (1.4.6). For any % G {1, 
... ,N}, j G {'i,!.. ,AJ set 

n Xi 

(5.2.4) H ij (t,z) = q^-^ J] Ci, m (U{j), z m ) \{ B(U(l),U{j))x 

m=l 1=1 

x n A _i (t i+ i(/),ti(j)) x n A^oo.ti-iW). 
i=i i=i 

For any m G {1, . . . , n}, set 

AT Ai 

(5.2.5) E m (t, z) = q^HvMm)) JJ JJ ^(^(j), O 

i=i j=i 

N+l 

where (fj,, A(m)) = Yl /^-^(m). F° r given zi, . . . ,z n the system of equations 

i=i 

(5.2.6) fl ii (t,z) = l 

on variables U(j), i = 1, . . . , N, j = 1, . . . , Aj, is called the system of Bethe-ansatz 
equations [KR]. 

(5.2.7) Theorem. Let t = {U(j)} satisfy the Bethe-ansatz equations. Then 
w x,v(i),... ,v(n)(t, z) G (V(l) <S> ■ ■ ■ <S> V(n))\ is an eigenvector of operators Ki, . . . , K n : 

Km(z)w\,V(l),... ,V(n)(t, z) = E m (t, z)wxy(i),... ,V(n)(t, z) . 
m 

Proof. Set M m (z) = U K^z) . 

i=i 

(5.2.8) Lemma. 

m 

M m (z) = l[q a *L vil) (p)M m (z) 

i=i 
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where M m (z) = M m (z, fi = 0, a = 0), and 

n 

M n (z) = l[ q ^L v(i) ^). 

i=i 

The lemma easily follows from 
(5-2.9) RvuWi)^ 1 ) = Rv(i),vU)(x) , 

(cf. (1.1.11)), and (5.2.1)-(5.2.3). 

From (3.2.14) it follows that for any X G Y q (gl N+1 ) 

(5.2.10) M m (z) (<p Zl ®...®y Zn )o A^(X) = 

= (<p Zl ® . . . <g> <p Zn ) o A(-D^ (X)M m (z) 

where cr m (l, ... , n) = (m + 1, . . . , n, 1, . . . , m). Due to (3.6.8) and (5.2.2) we can con- 
sider M m (z) and £a,^(i),... ,^( n )(^ ^) instead of K m { z) and wa,v(i),.. .,v(n)(t, z). Relation 

(5.2.10) is equivalent to 

(5.2.11) M m {z){<p Zl ®...®if Zn )o (A(— !) ® A (— — i)) o A(X) = 

=(<p Zl ®...®<p Zn )o (A^" 1 ) <g> A(— - 1 )) o A'{X)M m {z) 

where A' = P o A and P is the permutation of factors. Using formula (3.6.6) for 
€\,v(i),...,v(n)(t,z) and formulas (1.1.6), (5.2.8), (5.2.11), we get 

m N 

(5.2.12) M m (^^ (1)) ... )1/(n) (t,z)=n^ fe+<M ' A(fc)> x nn^^')) x 

k=i r'ur" i=i j 6 r' 

AT-l N m 

x ii n ^k+i(j)»m*(o) x ii n n c ' i ' fc ^^)'^) x 

i=i jer^ +1 i=i jer; k=i 

X H ( ? (w+1 - w)Ai [A ^y ]g! ) >< eV.Vd),... ,y W (t' ® £a»,V(™ + 1),.. .VW^ *") • 

Comparing (3.6.6) and (5.2.12) we see that C\,v(i),... ,v(n) (t, z) is an eigenvector if t 
satisfies the Bethe-ansatz equations. Namely, 

(5.2.13) M m (z) £ x ,v(i),... ,v(n)(t, z) = Y[ Ek(t,z)£ x ,v(i),...,v(n){t,z) 

k=l 
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which is equivalent to (5.2.11). 

(5.2.14) Remark. Comparing (5.2.8) and (5.2.13) we get a corollary, 

n N Xi N 

n n uci,m(m,zm)=u q ^-^ x K 

m=l i=l j=l i=l 



This equality can also be deduced directly from the Bethe-ansatz equations (5.2.6). 

(5.3) Bethe-Anzatz Equations and Critical Points 

Let F(x;p) be a function of x and p defined in a punctured neighborhood of the line 
p = 1. Define 

(5.3.1) D x F{x) = lim F ^ p } 

if the limit exists. Say that a; is a p-critical point of the function F(x;p) if D x F(x) = 1. 

Example. Let F{x;p) = u(x) exp(r(x)/(p— 1)) where v(x) and r(x) are smooth. Then 
D x F(x) = exp(xr / (x)) and a; is a p-critical point if exp(xr'(x)) = 1. 

Consider the function <&(£, z;p) introduced in (1.4.9) to solve the qKZ. 

(5.3.2) Lemma. 

D Zm <f>(t,z) =E m (t,z). 



(5.3.3) Corollary. For given z\, . . . , z n the Bethe-ansatz equations coincide with the 
p-critical point equations for <&(£, z;p). 

The dilogarithm function Li 2 (w) is defined by 

u 

(5.3.4) Li 2 («) = - J MLzj dt. 

o 

Set 

(5.3.5) &(x,y) = U 2 (xy) + - In a; lny , 
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and 

N Xa 



( U 1\ /\i \ 

^2 ( a m + (a», A(m))) lnz m + ^2 ~ ^ ln ) + 

m=l i=l j—1 ' 

+ f*(^,g 2Ai+i(m) ) -*(^,? 2Ai(m) ))+ 

™_1 ,1 „-_i V ^ Z m ' ^ Z m J ) 



m=l i=l j=l 
N-l Xi Xi 



+ EEE(^')-*(if" ! )K 



i=l a =l 6=1 
N 



(5.3.7) Lemma. 

exp ( t - w w) = ff,j(t,z) ' 

/ dr(t,z)\ . 
exp\z m —^ J = E m (t,z). 

Let t = t(z) be a local solution to the Bethe-ansatz equations holomorphically de- 
pending on z. Then 



(5-3.8) U(j)^^ = 2n^lU, J 



where 7^ are integers independent of z. Set 

(5.3.9) r(z) =r(t(z),z) -2nV^T ^ lnt,(j) , 

ij 

E m {z) = E m (t(z),z). 

(5.3.10) Lemma. 



- , . / df(z)\ 

E m (z) = expyz m — — ) . 



(5.3.11) Corollary. 

J <9^ dz m 

(Cf. Corollary (5.1.16).) 
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(5.3.12) Theorem. 

(p- l)ln$(*,z;p) -> r(*,z), 
i/p — > 1 /rom 6e/oio and a/Z arguments of functions Li 2 's in (5.3.6) belong to (0, 1). 
The theorem follows from the following lemma. 

(5.3.13) Lemma. Let (u,p) oo be defined by (1-4-7) andu.pE (0,1). Then 

lim(p- 1) ln(u,p)oo = Li 2 (u). 
p->i 

Proof. 

(p - 1) ln(«,p) 00 = - £ (p- - p m+1 ) ln(1 " ro pTOM) Li 2 («) . 

m=0 ^ 

(5.4) Asymptotic solutions to qKZ. L r 9 (gl Ar+1 ) case 

Let V(l), . . . , V(n) be t/g(fltjv+i) highest weight moqules with generating vectors v±, 
. . . , v n , respectively. Then the dual spaces V*(l), . . . , V*(n) are right U q (gl N+1 ) lowest 
weight modules with generating vectors v$, . . . , u*, respectively, such that (v*, Vi) = 1. 
For any m = 1, . . . , n define the qKZ-operator 

(5.4.1) K m (z) = R V (m),V(m-l) (~ ) • • • R V(m),V(l) ( ~~ ) X 

v z m—l ' \ Z\ / 

X Q amL V(m)(p) Rvl^y^yj 1 -) ■■■ R v\m+l),V(m) \ ~^~) ' 

x -<"m ' \ % / 

It is the operator in the right hand side of the qKZ (1.1.13). 

For any set {ti(j), i = 1, . . . ,N,j = 1, . . . , Aj} define a dual weight function 

W A,V*(1),... ,V*(n)(*' 

(5.4.2) 

wlvd) 1 (,0^-) = ife - ••••• r:,,)^'" '-'I'^/uU^ uj ) <v ■■■ > <•,; x 



■(!),... ,V («)(*' *) = ((^1 ® • • • ® ¥>*J ° A(n_1) ( T W^ 1))) <>1* <g> . . . 
N Xi , n j-1 

n n >< n n n(? A,+i(i)f »w/ z '-?" A,+i(i) ) x n mu^m^ 



N Xi N Xi x n j-1 

xji n ^r'o') x n n(n(^ A<+i( ^o')M-9- A<+iw ) x n^™»'><™'»* 

i=l j—1 i=l j—1 \=1 m=l 

J-1 iV+1 A m 

x[]a(t j (j) I t,(m))x n tlWM'UU)) 

m=l m=i+l p=l 

where Iq, Jq are defined in (1.3.10). 
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(5.4.3) Lemma. Let {ti(j), i = 1, . . . ,N, j = 1,... , Aj} satisfy the Bethe-ansatz 
equations (5.2.6). Then uj^ v*{n)^^ z ) ^ s an eigenvector of K^(z; 1) with eigen- 

value E m (t, z) (5.2.5). 

The proof is completely similar to the proof of Theorem (5.2.7). 



Let r(t, z) be defined by (5.3.6) and k — ^ Aj. Set 

2 r(t, z) 



(5.4.4) D(t,z) = det 



N 

E 

i=i 



ti(j)ti(m) 



dti(j) dti(m) 



kxk 



(5.4.5) Conjecture. Let {U(j), i = 1, . . . , N, j = 1, . . . , A^} satisfy the Bethe-ansatz 
equations (5.2.6). Then 

Ky.(i),... ,V(n)(*» *),u\,v{i),... ,V(n)(t, z)) = (~l) k (q - q' 1 )' 1 * D(t, z) x 

N N K j-l N-1 Xi Ai+i 

i=l i=l j = l m=l j=l j = l m=l 

This conjecture was proved for N = 1 in [K]. 

Let us assume that {U(j), i = 1, . . . ,N, j = 1,... , Aj} satisfy the Bethe-ansatz 
equations (5.2.6) and ^x,v(i),... ,v(n)(t, z) is a simple eigenvector of K m (z; 1) in the 
weight space V\ = (V(l) <E> • • • <E> F(n)) A . Then we can apply all results of section (5.1) 
to this case after the appropriate change of notations. Namely V, z\ , . . . ,z n and p there 
correspond to the weight space V\, \nz\, . . . ,lnz n and hip here. 

(5.5) qKZ-operators for $l N+1 Case 

The results of (5.2)-(5.4) have direct analogues for the flt/v+i case. 

Let V(l), . . . , V(n) be flt/v+i highest weight moqules with generating vectors vi, . . . , 
v n , respectively. Let R v ^ v ^ be the /^-matrices (3.7.1), (3.7.2) acting in V(l) <S> ■ ■ ■ <S> 
V(n) according to convention (1.1.11). For any m £ {1, ... , n} define the qKZ-operator 

(5.5.1) K m (z) = Rv(m),V(m-l)( z m ~ Z m -l) ■ ■ ■ Rv(m),V (1) ( z m ~ z l) x 

X exp(tt m ) L vfjn ) (p) -Ry( n ) ; y ( m ) (z n - Z m ) . . . R V \m+l),V(m) ~ Z m) ■ 

It is the operator in the right hand side of the qKZ (2.1.6) for p = 0. As for the 
U q (gl N+1 ) case, we have 

(5.5.2) [K i (z),K j (z)] = foralH,j. 

Let WA,v(i),...,y(n)(M) be the weight function for the fjljv+i case. For any % £ {1, 
. . . , A}, j £ {!,••• , Ai}, m £ {1, • • • , n} define the functions Hij(t, z) and E m (t, z) by 
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(5.2.4) and (5.2.5), respectively, replacing their factors q a by exp(a). Then the statement 
of Theorem (5.2.7) holds. The proof is completely similar to the proof for the U q (gl N+1 ) 
case. 

Let F(x;p) be a function of x and p defined in a punctured neighborhood of the line 
p = 0. Define 

(5.5.3) D x F(x) = lim F ^ +P \ p ^ 
y 1 y 1 p-o F(x;p) 

if the limit exists. Say that a; is a p-critical point of the function F(x;p) if D x F(x) = 1. 

Example. Let F(x;p) = u(x) exp(r(x)/p) where u(x) and r(x) are smooth. Then 
D x F(x) = exp(r'(x)), and x is a p-critical point if exp(r'(x)) = 1. 

Consider the function z;p) introduced in (2.4.3) to solve the qKZ. Then the 
statements of Lemma (5.3.2) and Corollary (5.3.3) hold. Set 

(5.5.4) ty(x) = xlnx 
and 

n N A t 

(5.5.5) r(t, z) = ^ ( a m + (A»> H m ))) z m + E E ~~ A**)*«0")H- 

m=l i=l j = l 

n AT Ai 

+ E E E (*( £ *C?) ~ *m + Ai(m)) - - + A i+ i(m)) + 

m=l i=l j = l 
N-l K A»+i 

+ E E E (*(«i+i(6)-«i(a) + l)-*(ti + i(6)-t i (o)))+ 

i=l a =l b=l 

AT 

+ E E (*^( a ) - - x ) - *(^ a ) - + x )) • 

i=l l^a<6^Ai 

(5.5.6) Lemma. 

/dT(t,z)\ TT . , 

exp( -^ur) =ify(< ' 2) ' 

-p(^) -*.(«.*)• 

Let £ = £(z) be a local solution to the Bethe-ansatz equations holomorphically de- 
pending on z. Then 

k 7 \ dr(t(z),z) 

(5.5.7) ___ = 27rv ^ I/ .. 
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where 7^ are integers independent of z. Set 

(5.5.8) r(z)=r(t(z),z)-2nV^T J^IijUij) 

ij 

Em(z) = E m (t(z),z). 

(5.5.9) Lemma. 

(dt{z)- 



(5.5.10) Corollary. 



^-\nE m (z) = ^-\nE j (z). 

dzj dz m 



(Cf. Corollary (5.1.16).) 

(5.5.11) Theorem. If p — > +0 and all arguments of functions ^ 's in (5.5.5) are 
positive, then there exist constants <po,<pi independent oft.z such that 

p\n$(t, z;p) = (f Inp + ipi + r(t, z) + 0{phvp) 

in the asymptotic sense. 

The theorem follows from the Stirling formula. 

(5.6) Asymptotic solutions to qKZ. case 

Let V(l), . . . , V(n) be flt/v+i highest weight moqules with generating vectors v±, . . . , 
v n , respectively. Then the dual spaces V*(l), . . . , V*(n) are right Ql N+1 lowest weight 
modules with generating vectors v\,... , respectively, such that (v*,Vi) = 1. For 
any m = 1, . . . , n define the qKZ-operator 

(5.6.1) K m (z) = R V (m),V(m-l) (Zm ~ Zm-1 + P) ■ ■ ■ R V (m),V(l) ( z ™ - *1 + p) X 

X exp(« m ) (fj,) R v \ n ),V(rn) ( Zn ~ Zm ~) • • • ^V(m+l),V(m) ( Z m+1 ~ z m) ■ 

It is the operator on the right hand side of the qKZ (2.1.6). 

For any set {U(j), i = 1, . . . , N, j = 1, . . . , Aj} define a dual weight function 

W A,y*(l),... ,^*(n)(*' Z ) : 

(5.6.2) 

z ) = ((^i A(n_1) ( T Jo/o(^ 0)))\* ® . . . <g> < x 

AT Ai N Xi n j-1 

i=l j = l i=l j = l 1=1 m=l 

j-1 N+l \ m 

xn4(jv,H)x n n^(p)'**^)) 

m=l m=i+l p=l 

where Iq, are defined in (1.3.10). 
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(5.6.3) Lemma. Let {ti(j), i = 1, . . . ,N, j = 1,... , Aj} satisfy the Bethe-ansatz 
equations. Then ^v*(i) v*{n)^^ z ) ^ s an eigenvector of K^faO) with eigenvalue 
E m (t,z) (5.2.5). 

The proof is completely similar to the proof of Theorem (5.2.7). 

JV 

Let r(t, z) be defined by (5.5.5) and k = ^2 Aj. Set 

i=i 



(5.6.4) D(t,z) =det 



d 2 r{t,z) 
dti(j) dti{m) 



kxk 



(5.6.5) Conjecture. Let {ti(j), % = 1, . . . , N, j = 1, . . . , A^} satisfy the Bethe-ansatz 
equations. Then 

( W A,\/*(l),...,V*(n)(^ z),U\,V(l),...,V(n)(t,z)) = D (t, z) X 

N N Xi j-1 N-1 X, A i+ i 

xJJexp(Ai(Ati-Ati+i))xJI II B{U{j)M™))* II II II A (U+i(™), U{j)) • 

i=l i=l j = l m=l i=l j = l m=l 

This conjecture was proved for iV = 1 in [K] and for N = 2 and a special choice of 
fltiv+i moqules in [Rl]. 

Let us assume that {U(j), i = 1, . . . ,N, j = 1,... , Aj} satisfy the Bethe-ansatz 
equations and u>a,v(i),... ,v(n)(*> ^ is a simple eigenvector of operators -ftT m (z; 1) in the 
weight space V> = (^(1) <8> • • • <S> V(n)) A . Then we can apply all results of section (5.1) 
to this case taking V" = V\. 
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